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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
70 ]. This is test number [ 127 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (70) | 0.00 (0)

Mathematica | 100.00 ( 70 ) | 0.00 (0 )
Maple | 75.71 (53 ) | 24.29 (17)
Fricas 75.71 (53 ) | 24.29 (17)
Giac 40.00 (28 ) | 60.00 ( 42)
Maxima | 40.00 (28) | 60.00 ( 42 )
Mupad | 22.86 (16) | 77.14 (54)
Sympy 12.86 (9) | 87.14 (61 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 92.857 7.143 0.000 0.000
Maple 44.286 0.000 31.429 24.286
Fricas 32.857 11.429 31.429 24.286
Maxima 30.000 10.000 0.000 60.000
Giac 22.857 17.143 0.000 60.000
Sympy 11.429 1.429 0.000 87.143
Mupad 0.000 22.857 0.000 77.143

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 17 100.00 0.00 0.00
Maple 17 100.00 0.00 0.00
Giac 42 92.86 0.00 7.14
Maxima, 42 100.00 0.00 0.00
Mupad 54 0.00 100.00 0.00
Sympy 61 95.08 4.92 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.03
Mathematica 0.11

Fricas 0.18

Giac 0.27

Maxima 0.34

Maple 1.12

Sympy 2.83

Mupad 17.89

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 38.89 1.22 37.00 1.00
Mathematica | 52.73 1.06 52.50 0.89
Rubi 60.49 1.00 55.50 1.00
Giac 64.21 1.52 56.50 1.39
Fricas 69.28 1.30 68.00 1.28
Mupad 76.38 1.15 39.50 1.01
Maple 108.04 1.81 51.00 1.14
Maxima 259.07 5.18 40.00 0.92

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on

leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.



17

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
from the SQL

database

grading

SageMath/Python

o [l —
| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 27
Maple . . . . . e e e 23
Fricas . . . . . . e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . . o e e e e e e e 24

Rubi

I3_8LI3_9L @@@@l@ll@@@@
llllllllll@ 661676869470} }

B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {I@plﬂlﬂl@llllllllllllllllllll
134,135} [36} 37, 138, 39} [0, 43, 14, [45}, 46}, A7} (48}, 49, 50} 5 1}, 62} 53} 54} 55}, 56}, 6 7
llllllllll@lll}

B grade {[U 35,4142 }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {lll@pl@ﬂl@llllllllll@llllllll
[6465,(66,67] }

B grade { }
C grade { [17}[18} 19} 20} 21} 22} 23} [24, [39} 40} |41}, [42} 43} 44} 45, 46}, 55, 56} 57, 58, 59} (60 }
F normal fail { 25262728 [29}[30}[31}[32}[33} 34} 35} 36} {37} 38, [68} [69} 70) }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade { 2,,65)/23) 4, 5, 46,7 S, 49,0, 57 52, 53, 5 6162 63 64, 65, 66,67 )
B grade { [B5ME0AALAZ}

C grade { ByTOLTT) 12,3} 14 15,6} 7 75, 19, 20,21 22 23,24 55 56,57 53,60
F normal fail { [25,26) 27,25, 29)[50, BT} 52,3, 5% 55,56, 57| B8, 68 69,70 }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { [1,[23,[45}[6} [7}[8} 43} 44} 45} 46} 50} 51} 61} 62} 63} 64} 65}[66} 67 }
B grade {[3940, {41, 42,47, 48, {49 }

C grade { }

F normal fail { [}{10,[TT12) (3[4 [[5) T 17 [5) [0, 20, 21,22, 23, 24,5 26) 27, 25 29,50,
B1,33,53) 34,531 56157, 65 3,53 b4, 551 56,57, 55 B9, 60, 65,60

F(-1) timedout fail { }
F(-2) exception fail { }

3
—
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Giac

A grade { 13005 3/35,10,50,53 53, 54 61, 62,6364 )
B grade { 57,55 0, 1,3 0 7 39,51}

C grade { }

F normal fail { [}{10,[TT12) [3,[7)[[5) 6,17 [5) [0, 20, 21,22, 23 24,5 26) 27, 25 29,50,
51)52,53) 34,5156 57 55 b3} 60, 57168 69} 0, 65 B9/ 0

F(-1) timedout fail { }
F(-2) exception fail {[65][66}/67 }

\]

Mupad

A grade { }

B grade {[JBEAEBMNEEEMEEIELEEEME )
C grade { }

F normal fail { }

F(-1) timedout fail { [9}[10,[1}[13}[14 15, [16,(17 (L8} 19} 21} 22} 23} 24} 25 26 27} 28} 29} 30}
BL,32}33, 34, 35,36} 137, 138} [39), 10, AT}, A2} A4} 45}, 46, 7} (8} (49}, [50} 62, 53}, 54} 55}, 56, 67 58,
[59}/601 (65} 66}[67} 68} (694 70 }

F(-2) exception fail { }

Sympy

A grade {[43)[44,[45](46,[51} 52,53, [64] }
B grade {[1]}

C grade {}

F normal fail {[2[3}[45}[6}[7}8}[9%} (L0} [11}[12} 13, [14}[15} 16}[17 18} 19} 20} 21} [22} 23} 24} 25} 26,
[27, 128,129,130, BT} 32} 33} 134} [35}, 36, 37 138, [0, 1T}, 2, (48}, 149}, 50}, (55}, 56, 57 58, 59} [60} (62 [63),
[641[651/66, 6768} 69, 70] }

F(-1) timedout fail {[39,[47[61 }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 38 15 19 30 37 15 12
N.S. 1 1.00 3.17 1.25 1.58 2.50 3.08 1.25 1.00
time (sec) N/A 0.005 0.028 0.135 0.179  0.254 0.855 0.260 0.120

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 13 19 0 13 11
N.S. 1 1.00 1.00 1.09 1.18 1.73 0.00 1.18 1.00
time (sec) N/A 0.010 0.022 0.392 0.180  0.228 0.000 0.270 21.003

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 75 38 46 72 0 92 36
N.S. 1 1.00 2.21 1.12 1.35 2.12 0.00 2.7 1.06

time (sec) N/A 0.016 0.022 0.468 0.180 0.238 0.000 0.258 21.277
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 35 23 25 45 0 25 21
N.S. 1 1.00 1.30 0.85 0.93 1.67 0.00 0.93 0.78
time (sec) N/A 0.013 0.026 0.441 0.177 0.232 0.000 0.264 21.594
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 113 50 71 112 0 138 59
N.S. 1 1.00 2.05 0.91 1.29 2.04 0.00 2.51 1.07
time (sec) N/A 0.029 0.026 0.542 0.180  0.240 0.000 0.263 0.108
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 56 33 35 64 0 35 38
N.S. 1 1.00 1.33 0.79 0.83 1.52 0.00 0.83 0.90
time (sec) N/A 0.016 0.024 0.517 0.176  0.244 0.000 0.264 20.946
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 76 151 60 91 155 0 182 78
N.S. 1 1.00 1.99 0.79 1.20 2.04 0.00 2.39 1.03
time (sec) N/A 0.042 0.024 0.642 0.178  0.248 0.000 0.261 21.396
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 7 43 45 87 0 45 41
N.S. 1 1.00  1.40 0.78 0.82 1.58 0.00 0.82 0.75
time (sec) N/A 0.020 0.021 0.657 0.179  0.242 0.000 0.260 20.407
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 63 160 0 120 0 0 0
N.S. 1 1.00 0.70 1.78 0.00 1.33 0.00 0.00 0.00
time (sec) N/A 0.053 0.235 0.662 0.000  0.091 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 50 88 0 88 0 0 0
N.S. 1 1.00 0.75 1.31 0.00 1.31 0.00 0.00 0.00
time (sec) N/A 0.032 0.102 0.450 0.000  0.083 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 49 132 0 72 0 0 0
N.S. 1 1.00 0.78 2.10 0.00 1.14 0.00 0.00 0.00
time (sec) N/A 0.032 0.071 0.492 0.000  0.083 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 40 69 0 51 0 0 61
N.S. 1 1.00 0.98 1.68 0.00 1.24 0.00 0.00 1.49
time (sec) N/A 0.019 0.046 0.407 0.000  0.077 0.000 0.000 21.908
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 40 91 0 55 0 0 0
N.S. 1 1.00 0.98 2.22 0.00 1.34 0.00 0.00 0.00
time (sec) N/A 0.019 0.049 0.654 0.000  0.083 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 53 88 0 68 0 0 0
N.S. 1 1.00 0.79 1.31 0.00 1.01 0.00 0.00 0.00
time (sec) N/A 0.033 0.071 0.429 0.000  0.079 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 60 142 0 85 0 0 0
N.S. 1 1.00 0.90 2.12 0.00 1.27 0.00 0.00 0.00
time (sec) N/A 0.036 0.121  0.496 0.000  0.097 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 65 104 0 81 0 0 0
N.S. 1 1.00 0.72 1.16 0.00 0.90 0.00 0.00 0.00
time (sec) N/A 0.050 0.189 0.434 0.000  0.085 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 67 248 0 150 0 0 0
N.S. 1 1.00 0.65 2.41 0.00 1.46 0.00 0.00 0.00
time (sec) N/A 0.061 0.238 3.862 0.000  0.087 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 55 312 0 105 0 0 0
N.S. 1 1.00 0.73 4.16 0.00 1.40 0.00 0.00 0.00
time (sec) N/A 0.039 0.210 3.638 0.000  0.078 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 71 54 413 0 83 0 0 0
N.S. 1 1.00 0.76 5.82 0.00 1.17 0.00 0.00 0.00
time (sec) N/A 0.043 0.149 3.311 0.000  0.083 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 42 120 0 55 0 0 63
N.S. 1 1.00 0.98 2.79 0.00 1.28 0.00 0.00 1.47
time (sec) N/A 0.021 0.048 3.442 0.000  0.087 0.000 0.000 22.322
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 42 297 0 62 0 0 0
N.S. 1 1.00 0.98 6.91 0.00 1.44 0.00 0.00 0.00
time (sec) N/A 0.021 0.055 3.924 0.000  0.080 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 63 261 0 85 0 0 0
N.S. 1 1.00 0.82 3.39 0.00 1.10 0.00 0.00 0.00
time (sec) N/A 0.038 0.101  3.560 0.000  0.083 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 60 445 0 96 0 0 0
N.S. 1 1.00 0.78 5.78 0.00 1.25 0.00 0.00 0.00
time (sec) N/A 0.042 0.171  3.556 0.000  0.085 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 105 70 283 0 98 0 0 0
N.S. 1 1.00 0.67 2.70 0.00 0.93 0.00 0.00 0.00
time (sec) N/A 0.064 0.172 3.861 0.000  0.087 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 51 54 0 0 0 0 0 0
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.026 0.097  0.000 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 51 51 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.028 0.066 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 0
N.S. 1 1.00  0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.030 0.067  0.000 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 0
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.032 0.065 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 0
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.032 0.062 0.000 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 53 53 68 0 0 0 0 0 0
N.S. 1 1.00 1.28 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.029 0.147  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 54 54 57 0 0 0 0 0 0
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.032 0.078 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 54 54 59 0 0 0 0 0 0
N.S. 1 1.00 1.09 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.032 0.094 0.000 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.032 0.086 0.000 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.036 0.086 0.000 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.038 0.089 0.000 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 56 56 76 0 0 0 0 0 0
N.S. 1 1.00 1.36 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.036 0.194 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 59 0 0 0 0 0 0
N.S. 1 1.00  0.86 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.031 0.108 0.000 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 72 72 65 0 0 0 0 0 0
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.037 0.100  0.000 0.000  0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F(-1) B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 50 50 92 44 1669 93 0 129 0
N.S. 1 1.00 1.84 0.88 33.38 1.86 0.00 2.58 0.00
time (sec) N/A 0.024 0.306 0.798 0.352  0.251 0.000 0.261 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 36 36 72 36 869 69 0 100 0
N.S. 1 1.00 2.00 1.00 24.14 1.92 0.00 2.78 0.00
time (sec) N/A 0.017 0.287 0.548 0.316 0.246 0.000 0.271  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 22 22 51 25 300 44 0 69 0
N.S. 1 1.00 2.32 1.14 13.64 2.00 0.00 3.14 0.00
time (sec) N/A 0.012 0.102 0.467 0.312 0.241 0.000 0.263 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 5 5 28 17 35 19 0 12 0
N.S. 1 1.00  5.60 3.40 7.00 3.80 0.00 2.40 0.00
time (sec) N/A 0.008 0.015 0.507 0.306  0.262 0.000 0.270 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 12 12 12 19 10 4 12 11 12
N.S. 1 1.00 1.00 1.58 0.83 0.33 1.00 0.92 1.00
time (sec) N/A 0.012 0.010 0.516 0.273  0.252  0.206 0.263 17.304
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 29 29 23 29 11 11 29 44 0
N.S. 1 1.00 0.79 1.00 0.38 0.38 1.00 1.52 0.00
time (sec) N/A 0.013 0.045 0.487 0.297 0.235 0.301 0.274 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 43 43 31 37 17 17 46 61 0
N.S. 1 1.00 0.72 0.86 0.40 0.40 1.07 1.42 0.00
time (sec) N/A 0.018 0.055 0.494 0.298 0.245 1.165 0.263 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 57 57 37 43 23 21 61 78 0
N.S. 1 1.00 0.65 0.75 0.40 0.37 1.07 1.37 0.00
time (sec) N/A 0.029 0.072 0.492 0.301 0.251 10.570 0.263 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 61 52 2183 106 0 164 0
N.S. 1 1.00 0.73 0.62 25.99 1.26 0.00 1.95 0.00
time (sec) N/A 0.056 0.399 0.693 2219  0.260 0.000 0.291 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 51 44 1113 80 0 124 0
N.S. 1 1.00 0.78 0.68 17.12 1.23 0.00 1.91 0.00
time (sec) N/A 0.044 0.261 0.530 0.457  0.241 0.000 0.280 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 39 30 318 49 0 72 0
N.S. 1 1.00 0.85 0.65 6.91 1.07 0.00 1.57 0.00
time (sec) N/A 0.030 0.102 0.462 0.325 0.246  0.000 0.265 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 30 24 24 64 0 13 0
N.S. 1 1.00 1.15 0.92 0.92 2.46 0.00 0.50 0.00
time (sec) N/A 0.023 0.042 0.536 0.316  0.258 0.000 0.273 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 22 13 22 14 34 15
N.S. 1 1.00 1.00 1.57 0.93 1.57 1.00 2.43 1.07
time (sec) N/A 0.020 0.030 0.500 0.265 0.241 0.228 0.258 16.949
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 27 35 0 29 32 52 0
N.S. 1 1.00 0.75 0.97 0.00 0.81 0.89 1.44 0.00
time (sec) N/A 0.028 0.054 0.435 0.000  0.248 0.328 0.257 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 36 45 0 37 51 62 0
N.S. 1 1.00 0.65 0.82 0.00 0.67 0.93 1.13 0.00
time (sec) N/A 0.040 0.062 0.480 0.000 0.245 1.171 0.265 0.000




36

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 74 42 51 0 43 68 76 0
N.S. 1 1.00  0.57 0.69 0.00 0.58 0.92 1.03 0.00
time (sec) N/A 0.052 0.088 0.485 0.000  0.245 10.633 0.270 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 58 185 0 161 0 0 0
N.S. 1 1.00 0.47 1.50 0.00 1.31 0.00 0.00 0.00
time (sec) N/A 0.076 0.226 2.015 0.000  0.093 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 71 46 239 0 99 0 0 0
N.S. 1 1.00 0.65 3.37 0.00 1.39 0.00 0.00 0.00
time (sec) N/A 0.056 0.154 1.371 0.000  0.084 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 46 270 0 64 0 0 0
N.S. 1 1.00 0.96 5.62 0.00 1.33 0.00 0.00 0.00
time (sec) N/A 0.040 0.065 1.168 0.000  0.087 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 50 38 163 0 68 0 0 0
N.S. 1 1.00 0.76 3.26 0.00 1.36 0.00 0.00 0.00
time (sec) N/A 0.040 0.075 1.146 0.000  0.082 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 52 304 0 84 0 0 0
N.S. 1 1.00 0.66 3.85 0.00 1.06 0.00 0.00 0.00
time (sec) N/A 0.057 0.127 1.288 0.000  0.088 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 63 192 0 88 0 0 0
N.S. 1 1.00 0.51 1.56 0.00 0.72 0.00 0.00 0.00
time (sec) N/A 0.078 0.184 2.087 0.000  0.099 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 164 164 59 61 66 118 0 69 603
N.S. 1 1.00 0.36 0.37 0.40 0.72 0.00 0.42 3.68
time (sec) N/A 0.044 0.101 1.293 0.274  0.253 0.000 0.273 23.058
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 118 47 49 48 88 0 51 121
N.S. 1 1.00  0.40 0.42 0.41 0.75 0.00 0.43 1.03
time (sec) N/A 0.035 0.071 0.803 0.273  0.258 0.000 0.263 19.511
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 62 33 35 30 52 0 23 44
N.S. 1 1.00 0.53 0.56 0.48 0.84 0.00 0.37 0.71
time (sec) N/A 0.024 0.045 0.479 0.273  0.239 0.000 0.270 17.616
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 18 9 24 0 9 7
N.S. 1 1.00 1.00 1.12 0.56 1.50 0.00 0.56 0.44
time (sec) N/A 0.016 0.029 0.504 0.317  0.243 0.000 0.258 20.737
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 25 24 25 46 0 0 0
N.S. 1 1.00 0.69 0.67 0.69 1.28 0.00 0.00 0.00
time (sec) N/A 0.020 0.055 0.520 0.269  0.240 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 38 45 58 61 0 0 0
N.S. 1 1.00 0.44 0.52 0.67 0.71 0.00 0.00 0.00
time (sec) N/A 0.041 0.077 0.551 0.270  0.249 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 132 132 55 61 88 73 0 0 0
N.S. 1 1.00 0.42 0.46 0.67 0.55 0.00 0.00 0.00
time (sec) N/A 0.059 0.142 0.888 0.279  0.255 0.000 0.000 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 80 80 71 0 0 0 0 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.063 0.186 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 82 82 73 0 0 0 0 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.063 0.114 0.000 0.000 0.000  0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 91 91 7 0 0 0 0 0 0
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.055 0.537  0.000 0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [47] had the largest

ratio of [.400000000000000022]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 1 1 1.00 6 0.167
2 A 2 2 1.00 8 0.250
3 A 2 2 1.00 8 0.250
ul A 2 1 1.00 8 0.125
5! A 3 2 1.00 8 0.250
6 A 2 1 1.00 8 0.125
7 A 4 2 1.00 8 0.250
8 A 2 1 1.00 8 0.125
9 A 4 3 1.00 10 0.300
10| A 3 3 1.00 10 0.300
11 A 3 3 1.00 10 0.300
12 A 2 2 1.00 10 0.200
13 A 2 2 1.00 10 0.200
14 A 3 3 1.00 10 0.300
15 A 3 3 1.00 10 0.300
16 A 4 3 1.00 10 0.300
17 A 4 3 1.00 12 0.250
18 A 3 3 1.00 12 0.250
19 A 3 3 1.00 12 0.250
20 A 2 2 1.00 12 0.167
21 A 2 2 1.00 12 0.167
22 A 3 3 1.00 12 0.250
23 A 3 3 1.00 12 0.250
24] A 4 3 1.00 12 0.250
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
25 A 2 2 1.00 10 0.200
26 A 2 2 1.00 10 0.200
27 A 2 2 1.00 10 0.200
28 A 2 2 1.00 10 0.200
29 A 2 2 1.00 10 0.200
30 A 2 2 1.00 10 0.200
31 A 2 2 1.00 12 0.167
32 A 2 2 1.00 12 0.167
33 A 2 2 1.00 12 0.167
34 A 2 2 1.00 12 0.167
35 A 2 2 1.00 12 0.167
36 A 2 2 1.00 12 0.167
37| A 2 2 1.00 8 0.250
38 A 2 2 1.00 10 0.200
39) A 5 3 1.00 8 0.375
40 A 4 3 1.00 8 0.375
41 A 3 3 1.00 8 0.375
42 A 2 2 1.00 8 0.250
43 A 2 2 1.00 8 0.250
44 A 3 3 1.00 8 0.375
45 A 4 3 1.00 8 0.375
46 A 5 3 1.00 8 0.375
A7 A 6 4 1.00 10 0.400
48 A 5 4 1.00 10 0.400
49 A 4 4 1.00 10 0.400
50 A 3 3 1.00 10 0.300
51 A 2 2 1.00 10 0.200
52 A 3 3 1.00 10 0.300
53 A 4 3 1.00 10 0.300
54 A ) 3 1.00 10 0.300
55 A 7 4 1.00 10 0.400
56 A ) 4 1.00 10 0.400
57 A 4 4 1.00 10 0.400
58 A 4 4 1.00 10 0.400
59 A 5 4 1.00 10 0.400

Continued on next page
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number of

number of

normalized

. o integrand ber of rul
# | amade | st | Camie | amideriosive | | bl
60 A 7 4 1.00 10 0.400
61 A 3 2 1.00 10 0.200
62 A 3 2 1.00 10 0.200
63 A 3 2 1.00 10 0.200
64 A 3 3 1.00 10 0.300
65 A 3 3 1.00 10 0.300
66 A ) 3 1.00 10 0.300
67 A 7 3 1.00 10 0.300
68 A 3 3 1.00 12 0.250
69 A 3 3 1.00 14 0.214
70 A 3 3 1.00 21 0.143
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3.1 Jescladbr)dr . ...
32  [esc*(a+ bx AT . . .
33  [escP(a+ b:c) dT . .
34  [esc*a+bz)dz . ...
35  [esc(a+bz)dz . . ...
36  [osc®la+bz)dz . . ...
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J———=dx . . ...
csc(a + bz)

I
| v

csc3 (a+bw)

csc3 (a+bm)
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(ccsc(a+bm))2/3 dx
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dx

[ esc™(a + bx) dx
J(cesc(a+bz))"dr . . . . ...
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[ esc?(z)

f\/CfC2(CL')dCI7 :

f v/csc2(x) dz

f csc2(19v)3/2 dzx
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[ (a csc?(z))? dx
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363  [(acsc*(@)*Pdr ... ... 299]
364 [ \/acsc4 dT . . . e 303
365 [t acsc4(x ....................................
366 [ CSC4(m))3/2 AT . &30
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369  [(a(besclc+dz))P) dr . . . ... 324
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3.1 [ csc(a + bx) dx

Optimal result . . . . . . . . . . . e 40l
Rubi [A] (verified) . . . . . . . . 46
Mathematica [B] (verified) . . . . . . . . . . .. 47
Maple [A] (verified) . . . . . . ... 4
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 47
Sympy [B] (verification not implemented) . . . ... ... ... . ... ....... 48
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 48
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 48
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 49

Optimal result

Integrand size = 6, antiderivative size = 12

arctanh(cos(a + bzx))

/csc(a +bx)dr = — ;

[Out] -arctanh(cos(b*x+a))/b

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ () 167, Rules used = {3855}
integrand size

h
/csc(a + ba) do = _ arctan (C(;S(a + bz))

[In] Int[Cscl[a + b*x],x]
[Out] -(ArcTanh[Cos[a + b*x]]/b)
Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

_ arctanh(cos(a + bz))
b

integral =
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 38 vs. 2(12) = 24.

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 3.17

1 ay bz log (sin (& + %
/csc(a—i—bx)dx:_ 0g (cos g)z‘i' 7)) n og (sin 5)2"‘ %))

[In] Integrate[Cscla + b*x],x]
[Out] -(Logl[Cos[a/2 + (b*x)/2]]1/b) + Logl[Sin[a/2 + (b*x)/2]]1/b

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.25

method result size
norman w 15
parallelrisch w 15
derivativedivides | — ln(csc(xb“):c"t(xbﬂ)) 20
default — ln(csc(xbﬂ);rcot (zb+a)) 20
risch _ ln(ei(‘”‘:’:“)ntl) n ln(ei(wbb+a>_1) 35

[In] int(csc(b*x+a),x,method=_RETURNVERBOSE)
[Out] 1/b*1n(tan(1/2*a+1/2*x*b))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 30 vs. 2(12) = 24.

Time = 0.25 (sec) , antiderivative size = 30, normalized size of antiderivative = 2.50

/csc(a ¢ b do = _log (5 cos(bz +a) +3) ;;og (=2 cos(bz +a) + 3)

[In] integrate(csc(b*x+a),x, algorithm="fricas")

[Out] -1/2%(log(1/2*cos(b*x + a) + 1/2) - log(-1/2*cos(b*x + a) + 1/2))/b



48

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(10) = 20.

Time = 0.85 (sec) , antiderivative size = 37, normalized size of antiderivative = 3.08

__ log (cot (ffrbzb)JrCSC (a+b2)  forb £ 0

/csc(a + bx) dx =
z(cot (a) csc (a)+csc? (a)) .
cot (a)+csc (a) otherwise

[In] integrate(csc(b*x+a),x)
[Out] Piecewise((-log(cot(a + b*x) + csc(a + b*x))/b, Ne(b, 0)), (x*(cot(a)*csc(a
) + csc(a)**2)/(cot(a) + csc(a)), True))

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.58

/csc(a +ba) dz = _log (cot (bz + a?)-l— csc (bz + a))

[In] integrate(csc(b*x+a),x, algorithm="maxima")

[Out] -log(cot(b*x + a) + csc(b*x + a))/b

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.25

1 1
/csc(a +bx) dz = log (|tan <2bb”" +30)|)

[In] integrate(csc(b*x+a),x, algorithm="giac")

[Out] log(abs(tan(1/2*bxx + 1/2%a)))/b
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Mupad [B] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

[ s+ ) — —2anblons @+ )

[In] int(1/sin(a + b*x),x)
[Out] -atanh(cos(a + b*x))/b
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3.2 [ csc®(a + bx) dx

Optimal result . . . . . . . . . . . . e B0
Rubi [A] (verified) . . . . . . . . 50
Mathematica [A] (verified) . . . . . . . . . . .. 11
Maple [A] (verified) . . . . . . ... b1l
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 52
Sympy [F] . . o 52
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 52
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 52
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 53

Optimal result
Integrand size = 8, antiderivative size = 11

cot(a + bx)

/cch(a +bx)dr = — 5

[Out] -cot(b*x+a)/b

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.250, Rules used = {3852,
integrand size
8}

cot(a + bx)

/cch(a + bz) dr = — ;

[In] Int[Cscl[a + b*x]~2,x]

[Out] -(Cot[a + Db*x]/b)

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]]1, x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]



Rubi steps
1
integral = — Subst(/ 1dz, Z, cot(a + bz))
_ _ootla+br)
b

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

cot(a + bx)

/cch(a + bz) dr = — 7

[In] Integrate[Csc[a + b*x]~2,x]
[Out] -(Cot[a + b*x]/Db)

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides | — m 12
default — w 12
I'iSCh — m 20

—cot( 2+ zb +tan( &+ zb
parallelrisch coi(+3 >2b en(3+%) 27

_1 tan(%:%by a5
norman 2

tan ( % + 71’ )

[In] int(csc(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] -cot(b*x+a)/b

o1
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

5 __cos(bz+a)
/csc (a+bz)dz = bsin (bz 1 a)

[In] integrate(csc(b*x+a)~2,x, algorithm="fricas")

[Out] -cos(b*x + a)/(bxsin(b*x + a))
Sympy [F]

/ csc?(a + bx) dx = / csc? (a + bz) dx

[In] integrate(csc(b*x+a)**2,x)

[Out] Integral(csc(a + b*x)*x2, x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.18

1
2 -
/csc (a+bzx)dx = btan (bz + a)

[In] integrate(csc(b*x+a)”~2,x, algorithm="maxima")

[Out] -1/(b*tan(b*x + a))

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.18

1
2 -
/ ese™(a + be) d btan (bx + a)

[In] integrate(csc(b*x+a)~2,x, algorithm="giac")

[Out] -1/(bxtan(b*x + a))
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Mupad [B] (verification not implemented)
Time = 21.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

cot(a+bx)

/csc2(a +bx)dx = — 3

[In] int(1/sin(a + b*x)~2,x)
[Out] -cot(a + b*x)/b
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3.3 [ csc®(a + bx) dx

Optimal result . . . . . . . . . . . e by
Rubi [A] (verified) . . . . . . . . !
Mathematica [B] (verified) . . . . . . . . . ... 55
Maple [A] (verified) . . . . . . . . . . 55
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ...... 561
Sympy [F] . . o 56!
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 561
Giac [B] (verification not implemented) . . . . . . . . . ... ... L. by
Mupad [B] (verification not implemented) . . .. ... ... ... ... ... .... 57

Optimal result

Integrand size = 8, antiderivative size = 34

arctanh(cos(a +bz))  cot(a + bz) csc(a + bx)
2b 2b

/csc3(a +bx)dr = —
[Out] -1/2*arctanh(cos(b*x+a))/b-1/2*cot (b*x+a)*csc(b*x+a)/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryjles used = {3853,
integrand size
3855}

arctanh(cos(a +bz))  cot(a + bz) csc(a + bz)
2b 2b

/csc3(a + bx)dr = —

[In] Int[Csc[a + b*x]~3,x]
[Out] -1/2*ArcTanh[Cos[a + b*x]]/b - (Cot[a + b*x]*Cscl[a + b*x])/(2%b)
Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+#n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
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Rubi steps
integral = _cot(a + br) csela + br) + ! / csc(a + bx) dx
2b 2
arctanh(cos(a + bx))  cot(a + bz) csc(a + bx)
T 2b - 2b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 75 vs. 2(34) = 68.

Time = 0.02 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.21

5 csc® (2(a+bz))  log (cos (3(a+ bz)))
/csc (a+bx)dr = — < - T
log (sin (3(a + bz))) N sec? (3(a + b))
2b 8b

[In] Integrate[Csc[a + b*x]~3,x]

[Out] -1/8%Csc[(a + b*x)/2]1"2/b - Logl[Cos[(a + b*x)/2]]1/(2%b) + Logl[Sin[(a + b*x)
/211/(2%b) + Sec[(a + bxx)/2]72/(8%b)

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.12

method result size
__csc(zb+a) cot(xzb+a) + In(csc(xzb+a)—cot(xzb+a))

derivativedivides 2 5 2 38
__csc(zb+a) cot(xzb+a) + In(csc(xzb+a)—cot(xzb+a))

default 2 5 2 38

2 2
i tan( 2422) —cot( 242%) 4+4In(tan( 2428
parallelrisch (5+%) (s = ) (tan(5+%)) 43
a, zb\4

_ 1 tan(§+7) ln(tan(%-l-%b))

norman 86 & 4 51

tan ( 24 z—b) 2b
2 2
. 3i(zb+a) | Li(zb+a) In(ei(zb+a) _1 In(ef(zd+a) 11
risch e T Ao n(e ) _ Infe ) | 72
b(e2z(zb+a) _1) 2b 2b

[In] int(csc(b*x+a)~3,x,method=_RETURNVERBOSE)
[Out] 1/bx(-1/2*xcsc(b*x+a)*cot (b*x+a)+1/2*1n(csc(b*x+a)-cot (b*xx+a)))



o6

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 72 vs. 2(30) = 60.

Time = 0.24 (sec) , antiderivative size = 72, normalized size of antiderivative = 2.12

/csc3(a + bz) dz =
_ (cos (bz + a)® — 1) log (% cos (b +a) + 3) — (cos (bz + a)® — 1) log (=2 cos (bz + a) + 1) — 2 cos (bx
4 (beos (bz + a)® — b)

[In] integrate(csc(b*x+a)~3,x, algorithm="fricas")

[Out] -1/4*((cos(b*x + a)~2 - 1)*log(1/2*cos(b*x + a) + 1/2) - (cos(b*x + a)~2 -
1)*log(-1/2*cos(b*x + a) + 1/2) - 2xcos(b*x + a))/(b*cos(b*x + a)~2 - b)

Sympy [F]

/ csc’(a + br) dr = / csc® (a + bz) dzx

[In] integrate(csc(b*x+a)**3,x)

[Out] Integral(csc(a + b*xx)**3, x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.35

504 1 b) da — ﬁiszzﬁz;r“_)l — log (cos (bx + a) + 1) + log (cos (bz + a) — 1)
/csc (a+bx)dz = m

[In] integrate(csc(b*x+a)~3,x, algorithm="maxima")
[Out] 1/4x(2xcos(b*x + a)/(cos(b*x + a)~2 - 1) - log(cos(b*x + a) + 1) + log(cos(
b*x + a) - 1))/b
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(30) = 60.

Time = 0.26 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.71

2 ba+a)—1
( (cizs(gnia?ﬂ )_1) (cos(bz+a)+1) cos(bz+a)—1 ) IOg (|—cos(bz+a)+1|
|cos(bz+a)+1]

cos(bz+a)—1 cos(bz+a)+1

/csc3(a + bx)dz = — b

[In] integrate(csc(b*x+a)~3,x, algorithm="giac")

[Out] -1/8*x((2*x(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 1)*(cos(b*x + a) + 1)/(cos
(bxx + a) - 1) + (cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 2xlog(abs(-cos(b*x

+ a) + 1)/abs(cos(bxx + a) + 1)))/b

Mupad [B] (verification not implemented)

Time = 21.28 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

cos(a+bx) _ atanh(cos (a + bz))
2b (cos(a+bx)* —1) 2b

/csc3(a +bz)dz =

[In] int(1/sin(a + b*x)~3,x)
[Out] cos(a + b*x)/(2xb*(cos(a + b*x)"2 - 1)) - atanh(cos(a + b*x))/(2%Db)
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3.4 [ csc*(a + bx) dx

Optimal result . . . . . . . . . . Ha]
Rubi [A] (verified) . . . . . . . . . . 58]
Mathematica [A] (verified) . . . . . . .. ... L o bY¢)
Maple [A] (verified) . . . . . . . .. bY¢)
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 59
Sympy [F] . . o o 60
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... ... 60
Giac [A] (verification not implemented) . . . . . . . .. ... ... 601
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 60

Optimal result

Integrand size = 8, antiderivative size = 27

cot(a+bx) cot’(a+ bx)
b 3b

/csc4(a + bx)dr = —
[Out] -cot(b*x+a)/b-1/3*cot (b*x+a) ~3/b

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.125, Rules used = {3852}

_cot’(a+bx) cot(a+ bx)
3b b

/csc4(a +bz)dz =

[In] Int[Cscla + b*x]~4,x]
[Out] -(Cot[a + b*x]/b) - Cot[a + b*x]~3/(3%b)
Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
Subst( [ (14 z?) dz, z, cot(a + b))
b
cot(a+bx) cot3(a+ bx)
b 3

integral = —
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.30

_2cot(a+bx) cot(a+ bx)csc’(a + bx)
3b 3b

/csc4(a + bx) dx =

[In] Integrate[Cscla + bx*x]~4,x]
[Out] (-2xCot[a + b*x])/(3%b) - (Cot[a + b*x]*Cscla + b*x]~2)/(3*b)

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.85

method result size
2
(— 2- 7csc(zg+a) ) cot(zb+a)
derivativedivides 5 23
2
(— % — 7“':(1;4'“) ) cot(zb+a)
default 5 23
. 4i(3 e2i(@bta) 1)
risch (@1 33
3 3
. tan(24+22) —cot( 2422 ) 49tan(2+20)—9cot( 2420
parallelrisch (2 2) (2 2) <2 2> <2 2) 53
24b
1 3tan(%+%b)2 3tan(%+%b) tan(%+%b)6
norman 245 8b + 5, 24b 67
a T
tan < 5 + 7)

[In] int(csc(b*x+a)~4,x,method=_ RETURNVERBOSE)
[Out] 1/b*x(-2/3-1/3*csc(b*x+a)~2)*cot (b*x+a)

Fricas [A] (verification not implemented)
none

Time = 0.23 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.67

2 cos (bz + a)® — 3 cos (bz + a)
3 (bcos (bx + a)® — b) sin (bz + a)

/csc4(a +bx)dx = —

[In] integrate(csc(b*x+a)~4,x, algorithm="fricas")
[Out] -1/3%(2xcos(b*x + a)~3 - 3*cos(b*x + a))/((bxcos(b*x + a)~2 - b)*sin(b*x +
a))
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Sympy [F]

/CSC4(CL + bx) dz = / csct (a + bz) dx

[In] integrate(csc(b*x+a)**4,x)
[Out] Integral(csc(a + b*x)*x4, x)
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

3 tan (bz + a)® + 1
3btan (bz + a)®

/csc4(a +bzx)dx = —

[In] integrate(csc(b*x+a)~4,x, algorithm="maxima")

[Out] -1/3*(3*tan(b*x + a)~2 + 1)/(bxtan(b*x + a)~3)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

_3tan(bz + a)’ +1
3btan (bz + a)®

/ csct(a + bx) dx =

[In] integrate(csc(b*x+a)~4,x, algorithm="giac")

[Out] -1/3*(3*tan(b*x + a)~2 + 1)/(bxtan(b*x + a)~3)

Mupad [B] (verification not implemented)

Time = 21.59 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.78

t b t b 2 3
/0804(a+bw) = @t ba) (C?‘)’b(“Jr z)"+3)

[In] int(1/sin(a + b*x)~4,x)
[Out] -(cot(a + b*x)*(cot(a + b*x)"2 + 3))/(3*b)
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3.5 [ cse®(a + bx) dz

Optimal result . . . . . . . . . . e 611
Rubi [A] (verified) . . . . . . . . 611
Mathematica [B] (verified) . . . . . . . . . ... 62
Maple [A] (verified) . . . . . . . . . . 62
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ..., .. 63}
Sympy [F] . . o o 64
Maxima [A] (verification not implemented) . . . . . . . . ... ... 64
Giac [B] (verification not implemented) . . . . . . .. ... .. L Lo L. 641
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 65

Optimal result

Integrand size = 8, antiderivative size = 55

/ esc®(a + ba) dz — _ 3arctanh(cos(a + bz))  3cot(a + bz) csc(a + bz)
8b 8b
_ cot(a + bx) csc’(a + bx)
4b

[Out] -3/8*arctanh(cos(b*x+a))/b-3/8*cot (b*x+a)*csc(b*x+a)/b-1/4*cot (b*x+a)*csc(b
*x+a) ~3/b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ , 954 Ryjes used = {3853,
integrand size

3855}
3
/ esc(a + ba) dz = — 3arctanh((;(l))s(a +bz)) cot(a+ bx)4(;)sc (a+bx)
_ 3cot(a + bz) csc(a + bz)
8b

[In] Int[Csc[a + b*x]~5,x]

[Out] (-3*ArcTanh([Cos[a + b*x]])/(8*b) - (3*Cot[a + b*x]*Csc[a + b*x])/(8%b) - (C
ot[a + b*x]*Csc[a + b*x]~3)/(4%b)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
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& IntegerQ[2x*n]

Rule 3855
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
3
integral = _ oot(a + b) osc’(a + ba) + 3 / csc®(a + bx) dx
4b 4
3

_ 3 cot(a + bz) csc(a +bz)  cot(a + bx) csc*(a + bx) N 3 / ese(a+ br) da

8b 4b 8
_ 3arctanh(cos(a + bx))  3cot(a+ bx)csc(a+bx)  cot(a+ br)csc?(a + br)
T 8b - 8b - 4b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 113 vs. 2(55) = 110.

Time = 0.03 (sec) , antiderivative size = 113, normalized size of antiderivative = 2.05

3esc? (3(a+bz))  csct (3(a+bz)) 3log(cos (3(a+bx)))
5 _ 2 _ 2 _ 2
/csc (a+bz)dz = 3% ob S
3log (sin (1(a+bz))) 3sec? ((a+bz)) sec! (3(a+bz))
- b 32b 64b

[In] Integrate[Csc[a + b*x]~5,x]

[Out] (-3*Csc[(a + b*x)/2]172)/(32%b) - Cscl[(a + b*x)/2]"4/(64%b) - (3*Log[Cos[(a
+ b*x)/2]1)/(8%b) + (3xLog[Sin[(a + b*x)/2]])/(8%b) + (3*Sec[(a + b*x)/2]72
)/ (32*%b) + Secl[(a + bxx)/2]74/(64*b)

Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.91
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method result size
(_ csc(zi+a)3 _ 3CSC((SEb+a)) Cot(wb+a)+31n(csc(wb+a8)—cot(wb+a))
derivativedivides 5 50
(_ csc(zz+a)3 _ 3csc(;b+a)) Cot(wb+a)+31n(csc(xb+a8)—cot(zb+a))
default 5 50
4 4 2 2
. tan(24+22) _cot(242%) 48tan(2+22) —8cot(2+2Z2) +24In(tan( 2422
parallelrisch (5+%) (5+%) (5 Gib) (5+%) (tan(5+%)) 69
a xT 2 a x 6 a xT 8
_a _ten(§4%)" ten(§+%)" ten(§+%) 31n(tan($+%))
norman 64b 8b 8b 64b 22 83
tan(%-ﬁ-%b) 8b
. 7Ti(zb+a) _11 gbi(zb+a) 1] e3i(zbta) g eilabta)  3In(ei(zbta) 7 31n(ei(zbt+a) 41
risch 3e 11 ¢Filabta) 11 3ileb+e) 43 n ( ) _ 3In( ) | 99
4b(e2z(a:b+a)_1) 8b 8b

[In] int(csc(b*x+a)~5,x,method=_RETURNVERBOSE)

[Out] 1/b*x((-1/4*csc(b*x+a) " 3-3/8*csc(b*xx+a))*cot (b*x+a)+3/8*1ln(csc(b*x+a)-cot (b*
x+a)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(49) = 98.

Time = 0.24 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.04

/ csc’(a + bx) dzx

6 cos (bz + a)’ -3 (cos (bz + a)* — 2 cos (bx + a)® + 1)log (1 cos(bz +a) + 1) + 3 (cos (bz + a)t —2c
B 16 (b cos (bz + a)* —2bcos (bz +a)® + b)

[In] integrate(csc(b*x+a)~5,x, algorithm="fricas")

[Out] 1/16%(6xcos(b*x + a)~3 - 3*(cos(b*x + a)"4 - 2*cos(b*x + a)~2 + 1)xlog(1/2%
cos(bxx + a) + 1/2) + 3*(cos(b*x + a)~4 - 2+cos(b*x + a)~2 + 1)*log(-1/2%co
s(bxx + a) + 1/2) - 10*cos(b*x + a))/(bxcos(b*x + a)~4 - 2xb*cos(b*x + a)~2

+ b)
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Sympy [F]
/ csc’(a + bx) dx = / csc® (a + bz) dx

[In] integrate(csc(b*x+a)**5,x)

[Out] Integral(csc(a + b*x)*x5, x)

Maxima [A] (verification not implemented)

none

Time = 0.18 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.29

/ csc®(a + bz) dx

2 (3 cos(bz+a)3—5 cos(bm+a))

_ cos(ba:+a,)4—2 cos(ba:+a,)2+1 -3 log (COS (b$ + a') + 1) + 3 log (COS (bl’ + a) - 1)

160

[In] integrate(csc(b*x+a)”~5,x, algorithm="maxima")

[Out] 1/16%(2*(3*cos(b*x + a)~3 - B*cos(b*x + a))/(cos(b*x + a)~4 - 2*cos(b*x + a
)72 + 1) - 3*log(cos(b*x + a) + 1) + 3xlog(cos(b*x + a) - 1))/b

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(49) = 98.

Time = 0.26 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.51

/csc5(a + bz) dz

8 (cos(bz+a)—1) _ 18 (cos(bz+a)—1)2 2
( ccooss(bm+a)+1 - (czs(sbz+a)+1)2 —1>(COS(b:U+a)+1)

(cos(bz+a)—1)2 cos(bz+a)+1 (cos(bm+a)+1)2
64 b

8 (cos(br+a)—1) (cos(bz+a)—1)2 |— cos(bz+a)+1|
- +12 log ( [cos(bz+a)+1| )

[In] integrate(csc(b*x+a)~5,x, algorithm="giac")

[Out] 1/64%((8%(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 18*(cos(b*x + a) - 1)"2/(c
os(bxx + a) + 1)72 - 1)*(cos(b*x + a) + 1)72/(cos(b*x + a) - 1)72 - 8*(cos(

bxx + a) - 1)/(cos(b*x + a) + 1) + (cos(b*x + a) - 1)72/(cos(b*x + a) + 1)~

2 + 12xlog(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) + 1)))/b
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Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.07

3
3atanh(cos (a + bx)) 5 Cos(g+bx) _ 3COS(0é+bx)

5 _ _
/csc (a+bz)dz = b

b (cos (a+bz)* —2cos(a+bzx)’ + 1)

[In] int(1/sin(a + b*x)~5,x)

[Out] - (3*atanh(cos(a + b*x)))/(8%b) - ((5xcos(a + b*x))/8 - (3*cos(a + b*x)~3)/
8)/(bx(cos(a + b*x)~4 - 2*cos(a + b*x)"2 + 1))
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3.6 [ csc®(a + bx) dx

Optimal result . . . . . . . . . . 606!
Rubi [A] (verified) . . . . . . . . . . 661
Mathematica [A] (verified) . . . . . . .. ... Lo 67
Maple [A] (verified) . . . . . . ... 67
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 67
Sympy [F] . . o o 68
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... ... 68
Giac [A] (verification not implemented) . . . . . . . .. ... ... 68]
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 68

Optimal result

Integrand size = 8, antiderivative size = 42

cot(a+bz) 2cot’(a+bx) cot’(a+ bx)
b 3b 5b

/cscﬁ(a +bx)dx = —
[Out] -cot(b*x+a)/b-2/3*cot (b*x+a) ~3/b-1/5*cot (b*x+a) ~5/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.125, Rules used = {3852}

cot’(@+bx) 2cot’(a+bx) cot(a+bx)
5b 3b b

/cscﬁ(a +bx)dr = —

[In] Int[Cscla + b*x]~6,x]
[Out] -(Cotl[a + b*x]/b) - (2%Cot[a + b*x]~3)/(3*b) - Cot[a + b*x]~5/(5%b)
Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
Subst( [ (14 222 + z*) dz, z, cot(a + bz))
b
cot(a+bz) 2cot*(a+bx) cot®(a+ br)
by 3b ~ 5b

integral = —
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.33

/ cscl(a+bz) dx =

_8cot(a+bx) 4cot(a+bx)csc*(a+br) cot(a+ bx) csct(a + bx)
15b 15b 5b

[In] Integrate[Csc[a + b*x]~6,x]

[Out] (-8*Cot[a + b*x])/(15%b) - (4*Cot[a + b*x]*Csc[a + b*x]~2)/(15%b) - (Cotla
+ bxx]*Cscla + bx*x]~4)/(5%b)

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.79

method result size
4 2
) ) o (_%_csc(ml‘;-}-a) _4csc(;cg+a) ) cot(xb—i—a)
derivativedivides 5 33
bta)t b+a)?
(_%_csc(z5+a) _4csc(;:5+a) ) COt(:L'b-‘ra)
default 5 33
. 163 1oe4i(:cb+a)_562i(:vb+a)+1
risch _16i( , < ) 44
15b(e2z(zb+a)_1)
5 5 3 3
. —3cot(%+%b) +3tan(%+%b) —25cot(%+%”) +25tan(%+%b) —15000t(%+%b)+150tan(%+%b)
parallelrisch 1505 81
Ly sn(30%)’ sun(8e)* sen(85)° sen(8+%)° vn(8+5)"
norman 160b 96b 16b 16b5 96b 160b 99
tan(%—{—%”)

[In] int(csc(b*x+a)~6,x,method=_RETURNVERBOSE)
[Out] 1/b*x(-8/15-1/5%csc(b*x+a) ~4-4/15%csc(b*x+a)~2) *xcot (b*x+a)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) ,

/cscﬁ(a +bx)dr = —

antiderivative size = 64, normalized size of antiderivative = 1.52

8 cos (bx 4 a)® — 20 cos (bx + a)® + 15 cos (bz + a)
15 (bcos (bz + a)! — 2bcos (bx + a)® + b) sin (bz + a)

[In] integrate(csc(b*x+a)”~6,x, algorithm="fricas")

[Out] -1/15%(8%cos(b*x + a)~5 - 20*xcos(b*x + a)~3 + 15xcos(b*x + a))/((b*cos(b*x
+ a)~4 - 2xbxcos(b*x + a)~2 + b)*sin(b*x + a))
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Sympy [F]

/ csc’(a + bx) dx = / csc® (a + bx) dz

[In] integrate(csc(b*x+a)**6,x)
[Out] Integral(csc(a + b*x)*x6, x)
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

1 441 2
/Cscﬁ(a—l—bx)dx=_ 5 tan (bx + a)” + Otan(lgx—i-a) +3
15btan (bx + a)

[In] integrate(csc(b*x+a)~6,x, algorithm="maxima")
[Out] -1/15%(15%tan(b*x + a)~4 + 10xtan(b*x + a)~2 + 3)/(bxtan(b*x + a)~5)
Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

15t b 4 10 t b 2
/cscG(a+bx)dx:— 5 tan (bz +a)” +10 an(5x+a) +3
15btan (bx + a)

[In] integrate(csc(b*x+a)~6,x, algorithm="giac")

[Out] -1/15%(15*%tan(b*x + a)~4 + 10*tan(b*x + a)~2 + 3)/(bxtan(b*x + a)~b)
Mupad [B] (verification not implemented)
Time = 20.95 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

bz)? t bz)?
/cscﬁ(a+bx) dr — _cot(ab—l-b:c) B 200’5((;2— x) _co (a;(; x)

[In] int(1/sin(a + b*x)~6,x)
[Out] - cot(a + b*x)/b - (2%cot(a + b*x)~3)/(3*%b) - cot(a + b*x)~5/(5%b)
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3.7 [ csc’(a + bx) dx

Optimal result . . . . . . . . . . . e 6]
Rubi [A] (verified) . . . . . . . . . . 69
Mathematica [A] (verified) . . . . . . . . . .. . (V)
Maple [A] (verified) . . . . . . . . . (71l
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ...... [Tl
Sympy [F] . . o o 72]
Maxima [A] (verification not implemented) . . . . . . ... ... ... . ... 72
Giac [B] (verification not implemented) . . . . . . . . ... ... ... .. ... 72
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... (73l

Optimal result

Integrand size = 8, antiderivative size = 76

barctanh(cos(a + bzr))  5cot(a + bz) csc(a + bx)
7 _ -
/csc (a+bx)dr = 16b 165
_ 5cot(a+bx)csc*(a+bx)  cot(a + bx) csc’(a + bx)
24b 6b

[Out] -5/16*arctanh(cos(b*x+a))/b-5/16*cot (b*x+a)*csc(b*x+a)/b-5/24*cot (bxx+a)*cs
c(b*xx+a) ~3/b-1/6*cot (b*x+a)*csc (b*x+a) ~5/b

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 2, Bumber of rules _ , 954 Ryjes used = {3853,
integrand size

3855}
5
/csc7(a +br) do = _5arctanh(1cgs(a + bx)) B cot(a + bx)6<;sc (a + bx)
_ 5cot(a + bz) csc3(a + bx) _ 5cot(a + bz) csc(a + bx)
24b 16b

[In] Int[Cscla + b*x]~7,x]

[Out] (-5*ArcTanh[Cos[a + b*x]])/(16%b) - (5*Cot[a + b*x]*Csc[a + b*x])/(16xb) -
(5%Cot[a + b*x]*Cscl[a + bxx]~3)/(24*b) - (Cot[a + b*x]*Cscl[a + b*x]~5)/(6*b
)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
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Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Rubi steps
5
integral = _cot(a + br) csc(a + ba) + > / csc®(a + bz) dz
6b 6
5cot(a + bx) csc®*(a + br)  cot(a+ bx)csc®(a+bx) 5 / 5
=— 24h - b —|-8 csc’(a + bz) dz
__5cot(a+bx)csc(a+br)  5cot(a+ bx)csc’(a + b)
B 16b 24b
cot(a+ bzx)csc’(a+bx) 5 /

o + 16 csc(a + bx) dz
__ barctanh(cos(a +bz))  5cot(a + br) csc(a + bz)
B 16b 16b

_ 5cot(a+bx)csc*(a+bx)  cot(a + bx) csc’(a + bx)
24b 6b

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.99

2 (1 41 6 (1
/csc7(a + b do = _ Sesc (éic;+ bz)) _csc (2ézb—|— bz)) _osc (23(812— bz))
5log (cos (2(a+bz))) 5log (sin (3(a + bz)))
B 16b 16b
5sec? (3(a+bz)) sec* (2(a+bzx)) sec® (i(a+bx))
64b 64b 384b

[In] Integrate[Csc[a + b*x]~7,x]

[Out] (-5*Csc[(a + b*x)/2]"2)/(64%b) - Cscl[(a + b*x)/2]"4/(64%b) - Cscl[(a + b*x)/
2]176/(384%b) - (5xLogl[Cos[(a + bx*x)/2]]1)/(16%b) + (5xLog[Sin[(a + b*x)/2]1])
/(16xb) + (5%Sec[(a + b*x)/2]°2)/(64%b) + Sec[(a + bxx)/2]"4/(64*xb) + Sec[(

a + b*x)/2]°6/(384*b)
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Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

method result
. . o (_ csc(zg+a)5 _ 5csc(;vi)+a)3 _ 5csc(19(:5b+a)) cot($b+a)+SIH(CSC(zb+‘i>6_COt(zb+a))
derivativedivides 5
(_ csc(zg+a)5 _ 5csc(g‘llz+a)3 _ 5csc(1:1éb+a)) COt(mb+a)+SID(CSC(mb+z2§_COt(mb+a))
default 5
a zb6 a zb6 a zb4 a zb4 a zb2 a zb2 a
. —cot<§+7) +tan<§+7) —Qcot(§+7) +9tan(§+7) —45cot(§+7> +45tan(§+7) +1201n(ta,n(§+
parallelrisch T
1 3tan(%+%b)2 15tan(%+%b)4 15tan(%+%b)8 3tan(%+%b)10 tan(%+%b)l2 5111(173‘11(2-’-@))
norman —384b 1286 - 128b 1285 1286 384b 22
tan(%-ﬁ-%b) 165
risch 15 elli(wb+a) _gp 9i(zb+a) | 198 o7i(ab+a) | 198 e5i(wb+a) _gg g3i(zb+a) 4 15 gi(zb+a) _ 51n(ei(zb+a)+1) + 51n(ei(zl
24b(e2i(mb+a)_1)6 16b 1€

[In] int(csc(b*x+a)~7,x,method=_RETURNVERBOSE)

[Out] 1/b*x((-1/6*csc(b*x+a) ~5-5/24*csc(b*x+a) ~3-5/16*csc(b*x+a))*cot (b*xx+a)+5/16x%
1n(csc(b*x+a)-cot (b*x+a)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(68) = 136.

Time = 0.25 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.04

/ csc’(a + bzx) dx

30 cos (bx + a)® — 80 cos (bz + a)® — 15 (cos (bz + a)® — 3 cos (bz + a)* + 3 cos (bz + a)? — 1) log (1 co
B 96 (bcos (bz + a)® — 31

[In] integrate(csc(b*x+a)”~7,x, algorithm="fricas")

[Out] 1/96%(30*cos(b*x + a)~5 - 80*cos(b*x + a)~3 - 15x(cos(b*x + a)~6 - 3*cos(bx*
x + a)”4 + 3*cos(b*x + a)”2 - 1)*log(1/2xcos(b*x + a) + 1/2) + 15%(cos(b*x

+ a)76 - 3xcos(b*x + a)”"4 + 3*cos(b*x + a)~2 - 1)*log(-1/2*cos(b*x + a) + 1

/2) + 66*cos(b*x + a))/(b*cos(b*x + a)~6 — 3*b*cos(b*x + a)~4 + 3*xb*cos(b*x

+ a)’2 - b)
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Sympy [F]

/csc7(a +bz)dz = / csc’ (a + bz) dx

[In] integrate(csc(b*x+a)**7,x)

[Out] Integral(csc(a + b*xx)**7, x)

Maxima [A] (verification not implemented)

none

Time = 0.18 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.20

/ csc’(a + bx) dx

2 (15 cos(bz+a)®—40 cos(bz+a)3+33 cos(bx—l—a))
cos(bz+a)®—3 cos(bz+a)*+3 cos(bz+a)?—1

— 15 log (cos (bx + a) + 1) + 15 log (cos (bx + a) — 1)
96 b

[In] integrate(csc(b*x+a)”~7,x, algorithm="maxima")

[Out] 1/96%(2*(15%cos(b*x + a)~5 - 40*cos(b*x + a)~3 + 33*cos(b*x + a))/(cos(b*x
+ a)”"6 - 3*cos(b*x + a)~4 + 3*cos(b*x + a)”2 - 1) - 15*log(cos(b*x + a) + 1
) + 15%log(cos(b*x + a) - 1))/b

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 182 vs. 2(68) = 136.

Time = 0.26 (sec) , antiderivative size = 182, normalized size of antiderivative = 2.39

/csc7(a + bz) dz =

2 3
(9 (cos(bz+a)—1) _ 45 (cos(bz+a)—1) + 110 (cos(bz+a)—1) _1) (cos(bm+a)+1)3

cos(bz+a)+1 (cos(bz+a)+1)2 (cos(bz+a)+1)3 45 (cos(bz+a)—-1) 9 (cos(bz+a)—1)2 + (cos(bz+a)—1)
(cos(bz+a)—1)3 cos(bz+a)+1 (cos(bz+a)+1)2 (cos(bz+a)+1)
384 b

[In] integrate(csc(b*x+a)”~7,x, algorithm="giac")

[Out] -1/384%((9*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 45%(cos(b*x + a) - 1)°2/
(cos(b*x + a) + 1)72 + 110*(cos(b*x + a) - 1)73/(cos(b*x + a) + 1)73 - 1)*(
cos(b*x + a) + 1)73/(cos(b*x + a) - 1)73 + 45*(cos(b*x + a) - 1)/(cos(b*x +

a) + 1) - 9*(cos(b*x + a) - 1)72/(cos(b*x + a) + 1)°2 + (cos(b*x + a) - 1)
~3/(cos(b*x + a) + 1)73 - 60*log(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) +

1)))/v
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Mupad [B] (verification not implemented)

Time = 21.40 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.03

5 cos(a+bx)® _ 5 cos(a+bx)® + 11 cos(a+bzx)
16 6 16

csc’(a + bz) dx =
/ ( ) b (cos(a-l—bz)ﬁ—3cos(a+bw)4+3cos(a+bx)2—1)

_ Satanh(cos (a +b1x))
166

[In] int(1/sin(a + b*x)~7,x)
[Out] ((11*cos(a + b*x))/16 - (5*cos(a + b*x)~3)/6 + (5*xcos(a + b*x)~5)/16)/(b*(3

*cos(a + b*xx)"2 - 3xcos(a + b*x)~4 + cos(a + b*xx)"6 - 1)) - (5*xatanh(cos(a

+ b*x)))/(16%b)
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3.8 [ csc®(a + bx) dx

Optimal result . . . . . . . . . . e [74
Rubi [A] (verified) . . . . . . . . . . 74
Mathematica [A] (verified) . . . . . . .. ... . L o 75
Maple [A] (verified) . . . . . . ... 75
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... .... 76
Sympy [F] . . o 76
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... ... 76
Giac [A] (verification not implemented) . . . . . . .. ... ... Lo Lo rrd
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... |

Optimal result

Integrand size = 8, antiderivative size = 55

cot(a+bx) cot’(a+br) 3cot’(a+br) cot’(a+bx)
b b 5b b

/cscs(a + bx)dzr = —
[Out] -cot(b*x+a)/b-cot(b*x+a) 3/b-3/5*cot (b*x+a) ~5/b-1/T*cot (b*x+a)~7/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size 0.125, Rules used = {3852}

cot’(a+bx) 3cot’(a+br) cot’(a+bx) cot(a+bx)
b 5b b b

/cscs(a + bx)dr = —

[In] Int[Csc[a + b*x]~8,x]

[Out] -(Cot[a + b*x]/b) - Cot[a + b*x]~3/b - (3*Cot[a + b*x]"5)/(5%b) - Cot[a + b
*x] "7/ (7%b)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps

Subst ([ (14 322 + 3z* + 2°) dz, z, cot(a + bz))
b
cot(a+bx) cot®(a+bzx) 3cot’(a+bx) cot’(a+ br)
b b - 5b T

integral = —




Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.40

16cot(a+ bz) 8cot(a + bz)csc?(a + bx)
8 - _ _
/csc (a + bx)dx = T 35h
_ 6cot(a + bx) csct(a + bx) _ cot(a + bx) csc’(a + bx)
35b 7b

[In] Integrate[Csc[a + b*x]~8,x]

[Out] (-16xCot[a + b*x])/(35%b) - (8*Cot[a + b*x]*Csc[a + b*x]~2)/(35%b) - (6*Cot

[a + b*x]*Csc[a + b*x]~4)/(35%b) - (Cot[a + b*x]*Cscl[a + b*x]~6)/(7*b)

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.78

method result
b+a)® 6 b+a)?  8osc(zb+ta)?
. . o (_%_csc(z7+a) _ csc(;:5+a) _ csc(35+a) )cot(wb—i—a)
derivativedivides T
csc(zb+a)® 6 csc(zb a4 8 csc(zb a)?
(—é—g— ( 7+ > _ (35+ )~ _ (35+ ) )cot(a:b-i—a,)
default 5
. 32i(35 ebi(zb+a) 97 e4i(mb+a)+762i(mb+a)_1)
risch : -
35b (e2i(zbta) 1)
7 7 5 5 3 3
_ stan(g+2) —5oot (§+2 ) +49tan(§+2) —49cot(§+2) +245tan(§+2) 245 cot(§+2) +1225 tan
parallelrisch 12500
b2 a_ zb\% a_ zb\8 a_ zb\8 a zb)10
1 7tan(%+%) 7han(§+7) 35tan(§+7) 35tan(§+7) 7han(§+7)
norman 8966 640b - 128b - 128b 128177 128b
tan<%+%b)

[In] int(csc(b*x+a)~8,x,method=_ RETURNVERBOSE)

[Out] 1/bx(-16/35-1/7*csc(b*x+a) ~6-6/35%csc(b*x+a) ~4-8/35*csc(b*x+a) ~2) *cot (b*x+a

)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.58

/ csc®(a + bx) dx
16 cos (bz + a)" — 56 cos (bz + a)° + 70 cos (bz + a)® — 35 cos (bz + a)
35 (bcos (bx + a)® — 3bcos (bz + a)* + 3bcos (bz + a)® — b) sin (bz + a)

[In] integrate(csc(b*x+a)~8,x, algorithm="fricas")

[Out] -1/35%(16*cos(b*x + a)~7 - 56*cos(b*xx + a)~5 + 70xcos(b*x + a)~3 - 3b5*cos(b
*x + a))/((bxcos(b*x + a)~6 - 3xbkxcos(b*x + a)~4 + 3xb*cos(b*x + a)~2 - b)*

sin(b*x + a))

Sympy [F]

/ csc®(a + br) dzr = / csc® (a + bz) dzx

[In] integrate(csc(b*x+a)**8,x)

[Out] Integral(csc(a + bxx)**8, x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.82

6 4 9
b 21
/Cscs(aerw) 4 35 tan (bz +a)° + 35 tan (bz + a) + tan (bz + a)* + 5
35btan (bx + a)

[In] integrate(csc(b*x+a)”~8,x, algorithm="maxima")
[Out] -1/35%(35xtan(b*x + a)~6 + 35xtan(b*x + a)~4 + 21xtan(b*x + a)~2 + 5)/(bxta
n(bxx + a)~7)
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.82

/CSC8(G, + b do = _ 35 tan (bz + )® + 35 tan (bz + a)* —|;21 tan (bz +a)> + 5
35btan (bz + a)

[In] integrate(csc(b*x+a)~8,x, algorithm="giac")
[Out] -1/35%(35*tan(b*x + a)~6 + 35*tan(b*x + a)~4 + 21xtan(b*x + a)~2 + 5)/(bxta
n(b*x + a)~7)

Mupad [B] (verification not implemented)

Time = 20.41 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.75

tan(a + bac)6 + tan(a + bac)4 + w + %

csc®(a + bx) dz =
/ ( ) btan (a +bz)’

[In] int(1/sin(a + b*x)"8,x)
[Out] -((3*tan(a + b*x)~2)/5 + tan(a + b*x)~4 + tan(a + b*x)"6 + 1/7)/(b*tan(a +

b*x) ~7)
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3.9 | csct(a + bx) da

Optimal result . . . . . . . . . . . e 78]
Rubi [A] (verified) . . . . . . . ... 78
Mathematica [A] (verified) . . . . . . . . ... L 79
Maple [A] (verified) . . . . . . . . . . R0
Fricas [C] (verification not implemented) . . . . .. . ... ... ... ....... R0
Sympy [F] . . . 1)
Maxima [F] . . . . . . &1
Giac [F] . . . o o o &1
Mupad [F(-1)] . . o o o &1

Optimal result

Integrand size = 10, antiderivative size = 90

/csc; (a+ ba) do = _ 6cos(a+br)y/csc(a+bz)  2cos(a+ bx) csc? (a + bz)

5b 5b
6+/csc(a+ bz)E(1(a— I +bz)|2) /sin(a + bx)
5b

[Out] -2/5*cos(b*x+a)*csc(b*x+a) ~(5/2)/b-6/5*xcos (b*x+a)*csc(b*x+a) ~(1/2) /b+6/5* (s
in(1/2%a+1/4*Pi+1/2xb*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2xbxx)*E1lipticE(cos(1
/2*xa+1/4*Pi+1/2xbxx) ,27(1/2) ) *csc(b*x+a) ~(1/2) *sin(b*x+a)~(1/2) /b

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, number of rules _ 0.300, Rules used = {3853,
integrand size

3856, 2719}
: b b
/cscz(a + bo) da = _2cos(a +bz)csc2(a+bzr)  6cos(a + bx)y/csc(a + bz)
5b 5b
6+/sin(a + bz)+/csc(a + bz)E(4(a+ bz — )| 2)
- 50

[In] Int[Cscl[a + b*xx]~(7/2),x]

[Out] (-6%Cos[a + b*x]*Sqrt[Cscla + b*x]])/(56xb) - (2*Cos[a + b*x]*Cscla + b*x]~(
5/2))/(5%b) - (6*%Sqrt[Cscla + b*x]]*EllipticE[(a - Pi/2 + bx*x)/2, 2]*Sqrt[S
infa + b*x]])/(5*b)

Rule 2719
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Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + dxx]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
integral = — 2cos(a + be) csc: (a + ba) + 3 / csc? (a + bx) dz
5b )
_6cos(a+br)/csc(a+bz)  2cos(a+ bx) csc (a + bx) 3 / 1 s
B 5b 5b 5. \/esc(a+ bzx)
__6cos(a+bz)\/csc(a+br) 2cos(a+ bx) csc? (a + be)

5b

5b
— % (3\/csc(a + bx) \/sin(a + bx)) / Vvsin(a + bx) dx

_ 6cos(a+bx)\/csc(a+br) 2cos(a+ br) cscs (a + bx)
T 5b - 5b
6+/csc(a + bz)E(3(a — F + bz)|2) /sin(a + bz)

5b
Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.70

/csc; (a+ bx)dz

csc? (a4 bz) (—7cos(a + bx) + 3cos(3(a + bx)) + 12E(1(—2a + 7 — 2bx)| 2 sin%(a—l-bx)
B 4
106

[In] Integratel[Cscla + bxx]~(7/2),x]

[Out] (Cscla + bxx]~(5/2)*(-7*Cos[a + b*x] + 3*Cos[3*(a + b*x)] + 12*EllipticE[(-
2%a + Pi - 2xbxx)/4, 2]*Sin[a + b*x]~(5/2)))/(10%b)
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Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.78

method | result

default 6/sin(zb+a)+1 /—2sin(zb+a)+2 /— sin(zb+a) sin(zb+a)? EllipticE(\ /sin(xb—i—a)-l—l,g) —3+/sin(zb+a)+1+/—2sin(zb+a)+2 -
elau

5 sin(zb+a)% cos(zb+a)b

[In] int(csc(b*x+a)~(7/2),x,method=_RETURNVERBOSE)

[Out] 1/5/sin(b*x+a)~(5/2)*(6*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(
b*x+a) )~ (1/2) *sin(b*x+a) "2xEllipticE((sin(b*x+a)+1)~(1/2),1/2*27(1/2))-3*(s
in(b*x+a)+1) " (1/2) *(-2*sin(b*x+a)+2) ~(1/2) *(-sin(b*x+a)) ~(1/2) *sin (b*x+a) "2
*E1lipticF((sin(b*x+a)+1)~(1/2),1/2*%27(1/2))+6*sin(b*x+a) “4-4*sin(b*x+a) ~2-

2) /cos(b*x+a) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.33

/csc; (a+ bz)dx =

3/2i(cos (bz + a)® — 1)weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) +

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="fricas")

[Out] -1/5%(3*sqrt(2*I)*(cos(b*x + a)~2 - 1)*weierstrassZeta(4, 0, weierstrassPIn
verse(4, 0, cos(b*x + a) + Ixsin(b*x + a))) + 3*sqrt(-2xI)*(cos(b*x + a)~2

- 1)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b

*x + a))) + 2x(3*cos(b*x + a)~3 - 4*cos(b*x + a))/sqrt(sin(b*x + a)))/(b*co

s(bxx + a)~2 - b)

Sympy [F]
/CSC; (a+ bz)dx = /cscg (a + bx) dx

[In] integrate(csc(b*x+a)**(7/2),x)
[Out] Integral(csc(a + b*x)**(7/2), x)



Maxima [F]
/csc; (a+bx)dz = /csc (bx + a)% dzx

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(7/2), x)

Giac [F]

7
2

/csc; (a+bx)dx = /csc (bx +a)? dz

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(7/2), x)

Mupad [F(-1)]

Timed out.

. 1 7/2
/CSC2(a+bx)d$=/(m) dx

[In] int((1/sin(a + b*x))~(7/2),x%)
[Out] int((1/sin(a + b*x))~(7/2), x)

81
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3.10 [ csc2(a + bx) dz

Optimal result . . . . . . . . . . . . e e 821
Rubi [A] (verified) . . . . . . . ... ’2
Mathematica [A] (verified) . . . . . . . . ... L ’3
Maple [A] (verified) . . . . . . . . . kX!
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..., R
Sympy [F] . . . 34
Maxima [F] . . . . . . 85
Giac [F] . . . o o o 85
Mupad [F(-1)] . . .« 85

Optimal result

Integrand size = 10, antiderivative size = 67

_ 2cos(a + bz) csc2 (a + bz)
3b

N 2+/csc(a + bz) EllipticF (3 (a — Z + bz) ,2) y/sin(a + bz)
3b

/cscg(a +bz)dz =

[Out] -2/3*cos(b*x+a)*csc(b*x+a) ~(3/2)/b-2/3*(sin(1/2*a+1/4%Pi+1/2*xbxx)~2)~(1/2)/
sin(1/2xa+1/4*Pi+1/2*%bxx)*E1lipticF(cos(1/2*a+1/4*Pi+1/2xb*x),27(1/2))*csc(
b*x+a)~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.300, Rules used = {3853,
integrand size

3856, 2720}
/cscg (a4 be) do = 2/sin(a + bz)\/csc(a + bxéf)llipticF (2(a+bz—1%),2)
2 cos(a + bz) csc? (a + bx)

3b

[In] Int[Cscl[a + b*x]~(5/2),x]

[Out] (-2*Cos[a + b*x]*Cscl[a + b*x]~(3/2))/(3*b) + (2*Sqrt[Csc[a + b*x]]*Elliptic
F[(a - Pi/2 + bx*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*b)

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

2 b bx)
integral = cos(a + be) csc? (a +bz) /\/CSC a+ bx)dz

3b
2cos(a + bz) csc2 (a + bz) 1 , / 1
= - —I—— csc(a + bx)+/sin(a + bz ——dz
3b 3 <\/ ( )Vsin( )) V/sin(a + bx)
_ 2cos(a + bx) csc? (a + be) 2\ /csc(a + bx) EllipticF (1 (a — 2 + bz) ,2) \/sin(a + bz)
- 3b 3b

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.75

/cscg (a+bx)dz
2 csc2 (a + bz) (cos(a + bz) + EllipticF (}(—2a + 7 — 2bz), 2) sin? (a + bx))
3b

[In] Integrate[Cscl[a + b*x]~(5/2),x]

[Out] (-2*Cscl[a + b*x]~(3/2)*(Cos[a + b*x] + EllipticF[(-2*a + Pi - 2%bxx)/4, 2]=*
Sin[a + b*x]~(3/2)))/(3*b)
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Maple [A] (verified)

Time = 0.45 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.31

method | result size
V/sin(zb+a)+1 /—2sin(xb+a)+2 /— sin(zb+a) EllipticF (\/sin(xb—i-a)—i-l, @) sin(zb+a)—2 cos(xb+a)?
3sin(zb+a) 3 cos(zb+a)b

default 88

[In] int(csc(b*x+a)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/3/sin(b*x+a) " (3/2)*((sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2) ~(1/2) *(-sin(b*
x+a)) " (1/2)*EllipticF((sin(b*x+a)+1)~(1/2),1/2%x27(1/2) ) *sin(b*x+a)-2*cos (b*
x+a) ~2) /cos(b*x+a) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.31

/cscg (a+bz)dz

—iv/2isin (bx + a) weierstrassPInverse(4, 0, cos (bx + a) + 4 sin (bz + a)) + ¢ v/—2isin (bz + a) weierstras
3 bsin (bz + a)

[In] integrate(csc(b*x+a)~(5/2),x, algorithm="fricas")

[Out] 1/3%(-Ixsqrt(2*I)*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x + a) + Ix*s
in(b*x + a)) + I*sqrt(-2xI)*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x
+ a) - Ixsin(b*x + a)) - 2*cos(b*x + a)/sqrt(sin(b*x + a)))/(b*sin(b*x + a)

)

Sympy [F]
/cscg (a+ bz)dx = /cscg (a + bx) dx

[In] integrate(csc(b*x+a)**(5/2),x)
[Out] Integral(csc(a + b*x)**(5/2), x)



Maxima [F]
/cscg (a+bx)dz = /csc (bx + a)g dzx

[In] integrate(csc(b*x+a)~(5/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(5/2), x)

Giac [F]
/cscg (a+bx)dx = /csc (bx + a)g dx

[In] integrate(csc(b*x+a)”~(5/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(5/2), x)

Mupad [F(-1)]

Timed out.

s 1 5/2
/CSC2(a+bx)d$=/(m) dx

[In] int((1/sin(a + b*x))~(5/2),x%)
[Out] int((1/sin(a + b*x))~(5/2), x)
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3.11 [ csc2(a + bx) dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . ... 36
Mathematica [A] (verified) . . . . . . . . ... L 87
Maple [A] (verified) . . . . . . . . . . ]88
Fricas [C] (verification not implemented) . . . . .. . ... ... ... ....... ’Y
Sympy [F] . . . B8]
Maxima [F] . . . . . . ]9
Giac [F] . . . o o o ]9
Mupad [F(-1)] . . .« ]9

Optimal result

Integrand size = 10, antiderivative size = 63

2 cos(a + bx)+/csc(a + bx)

/cscg(a—l— bx)dr = —

b
B 2+/csc(a+ bz)E(1(a— % + bx)|2) \/sin(a + bzx)

b

[Out] -2*cos(b*x+a)*csc(b*x+a)~(1/2)/b+2*%(sin(1/2*a+1/4xPi+1/2*xb*x) ~2)~(1/2)/sin(
1/2*a+1/4*Pi+1/2%b*x)*E1lipticE(cos(1/2%a+1/4*Pi+1/2xb*x),27(1/2))*csc(b*x+
a)~(1/2)*sin(b*x+a)~(1/2)/b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.300, Rules used = {3853,
integrand size
3856, 2719}

3 2 bx)+/ b
/cscﬁ(a—i-bm) dxr = — cos(a + w)b csela + bz)

_ 2y/sin(a +bz)+/csc(a+bz)E(3(a+be — 7)|2)
b

[In] Int[Cscl[a + b*x]~(3/2),x]

[Out] (-2*Cos[a + b*x]*Sqrt[Cscla + b*x]])/b - (2*Sqrt[Cscla + b*x]]*EllipticE[(a
- Pi/2 + bxx)/2, 2]*Sqrt[Sin[a + b*x]])/b

Rule 2719
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Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
integral = _ 2cos(a+ ba:) vese(a + br) /
Vese(a + ba:
2 bx)+/ bz)
= — cos(a + x)b csofa+be) <\/csc(a + bz)+/sin(a + bx)) / Vvsin(a + bx) dx
2cos(a + bx)+/csc(a +bx)  2+/csc(a+ bz)E(L(a— % +bz)|2) \/sin(a + bz)
- b - b

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.78

. 2+/csc(a + bx) (cos(a +bz) — E(3(—2a + 7 — 2bx)| 2) \/sin(a + bz))
/csc2(a+bx) dx=— 5

[In] Integratel[Cscla + bxx]~(3/2),x]

[Out] (-2*Sqrt[Cscla + b*x]]*(Cos[a + b*x] - EllipticE[(-2*a + Pi - 2%b*x)/4, 2]*
Sqrt[Sin[a + b*x]]1))/b
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.10

method | result

2,/sin(xb+a)+1 /—2sin(zb+a)+2 /— sin(zb+a) EllipticE(x /sin(xb+a)+1, %) —+/sin(zb+a)+1 \/—2sin(xb+a)+2 /— sin(zb+a
cos(zb+a)+/sin(zb+a) b

default

[In] int(csc(b*x+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] (2*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*Ellipti
cE((sin(b*x+a)+1)~(1/2),1/2*27(1/2))-(sin(b*x+a)+1) ~(1/2) * (-2*sin (b*x+a)+2)
~(1/2)*(-sin(b*x+a))~(1/2) *E1llipticF ((sin(b*x+a)+1)~(1/2),1/2%x2~(1/2))-2%co

s (b*xx+a) ~2) /cos (b*x+a) /sin(b*x+a)~(1/2) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.14

/cscg (a+bz)dz =

V/2iweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bx + a))) + v/—2iweierstrassZet
b

[In] integrate(csc(b*x+a)~(3/2),x, algorithm="fricas")

[Out] -(sqrt(2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) +
I*sin(b*x + a))) + sqrt(-2xI)*weierstrassZeta(4, 0, weierstrassPInverse(4,
0, cos(b*x + a) - I*sin(b*x + a))) + 2*cos(b*x + a)/sqrt(sin(b*x + a)))/b

Sympy [F]
/cscg (a+bz)dz = /cscg (a+ bx)dx

[In] integrate(csc(b*x+a)**(3/2),x)
[Out] Integral(csc(a + b*x)#*x(3/2), x)



Maxima [F]
/cscg (a+bx)dz = /csc (bx + a)% dzx

[In] integrate(csc(b*x+a)~(3/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(3/2), x)

Giac [F]
/cscg (a+bx)dx = /csc (bx + a)% dx

[In] integrate(csc(b*x+a)~(3/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(3/2), x)

Mupad [F(-1)]

Timed out.

5 1 3/2
/CSC2(a+bx)d$=/(m) dx

[In] int((1/sin(a + b*x))~(3/2),x%)
[Out] int((1/sin(a + b*x))~(3/2), x)
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3.12 [ /csc(a + bx) dz

Optimal result . . . . . . . . . . . 90!
Rubi [A] (verified) . . . . . . . .. . 90
Mathematica [A] (verified) . . . . . . . . ... L OT]
Maple [A] (verified) . . . . . . . .. OT]
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 92
Sympy [F] . . . 92]
Maxima [F] . . . . . .o 92
Giac [F] . . . o o 92
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 93

Optimal result

Integrand size = 10, antiderivative size = 41

/ Vesc(a + bz) dz = 2/csc(a + be) EllipticF (3(a — 7 +bz),2) /sin(a + bz)

b

[Out] -2x(sin(1/2%a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2*b*x)*E11lipticF(
cos(1/2xa+1/4*%Pi+1/2%bxx) ,27(1/2))*csc(b*x+a)~(1/2)*sin(b*x+a)~(1/2) /b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.200, Rules used = {3856,
integrand size
2720}

1 e L 1 o
/ Jasc(a T b) do = 2/sin(a + bz)/csc(a + bz)bElhptlcF (3(a+bz—1%),2)
[In] Int[Sqrt([Cscl[a + bx*x]],x]

[Out] (2#Sqrt[Csc[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]]1)/
b

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)¥(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &%
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EqQ[n~2, 1/4]

Rubi steps
integral = <\/csc(a, + bz)+/sin(a + bx)) / -~ dx
sin(a + bz)
_ 2y/csc(a + bx) EllipticF (3 (a — 5 + bz) ,2) \/sin(a + bx)

b

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.98

/ cscla 1 ba) da = _ 2y/csc(a + bx) EllipticF (3(—2a + 7 — 2bz), 2) \/sin(a + bz)

b

[In] Integrate([Sqrt[Cscla + b*x]],x]

[Out] (-2*Sqrt[Csc[a + b*x]]*EllipticF[(-2*a + Pi - 2xbxx)/4, 2]*Sqrt[Sin[a + b*x
11D /v

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.68

method | result size

/sin(zb+a)+1 \/—2sin(zb+a)+2 \/— sin(zb+a) EllipticF(\ /sin(xb+a)+1,§)
cos(zb+a)+/sin(zb+a) b

default 69

[In] int(csc(b*x+a)~(1/2),x,method=_RETURNVERBOSE)

[Out] (sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*EllipticF(
(sin(b*x+a)+1)~(1/2),1/2%2~(1/2)) /cos(b*x+a) /sin(b*x+a)~(1/2) /b
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.24

| Vesela+ba) do

_ —i+/2iweierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a)) + i /—2iweierstrassPInverse(4, 0, cos (bz +

N b
[In] integrate(csc(b*x+a)~(1/2),x, algorithm="fricas")
[Out] (-I*sqrt(2*I)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) + Ix

sqrt (-2*I)*weierstrassPInverse(4, 0, cos(b*x + a) - Ixsin(b*x + a)))/b

Sympy [F]

[ Vescla o) do = [ Vesc(a+ o) do

[In] integrate(csc(b*x+a)**(1/2),x)
[Out] Integral(sqrt(csc(a + b*x)), x)

Maxima [F]

[ Vescla b2 do = [ Vesc(bo+ a)do

[In] integrate(csc(b*x+a)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(csc(b*x + a)), x)

Giac [F]

[ Vescla+ba)da = [ Vesc(bo+ ajdo

[In] integrate(csc(b*x+a)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(csc(b*x + a)), x)
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Mupad [B] (verification not implemented)

Time = 21.91 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.49

[ Vescla+ba) da

2 /sin (a-l—b:v)F(asin(@)‘?) cos (a + bz)’ sin(al—i—bx)

b cos (a+bx)

[In] int((1/sin(a + b*x))~(1/2),x%)

[Out] -(2*sin(a + b*x)~(1/2)*ellipticF(asin((27(1/2)*(1 - sin(a + b*x))~(1/2))/2)
, 2)%(cos(a + b*x)~2)"(1/2)*(1/sin(a + b*x))~(1/2))/(b*cos(a + b*x))
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3.13 | === dx

(a+bx)
Optimal result . . . . . . . . . . e 94
Rubi [A] (verified) . . . . . . . . . 94
Mathematica [A] (verified) . . . . . . . . . ... 95
Maple [A] (verified) . . . . . . . . . . 95
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ...... 96!
Sympy [F] . . o o 96]
Maxima [F] . . . . . . 96
Giac [F] . . . o o 97
Mupad [F(-1)] . . . o 97

Optimal result

Integrand size = 10, antiderivative size = 41

p _ 2y/esc(a+bx)E(§(a— § +bx)|2) \/sin(a + bx)

b/‘wﬂﬁiiéiizij ! b

[Out] -2x(sin(1/2%a+1/4xPi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2xb*x)*E11lipticE(
cos(1/2*a+1/4*Pi+1/2%b*x) ,27(1/2)) *csc(b*x+a)~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.200, Rules used = {3856,
integrand size
2719}

_ 2y/sin(a + bz)\/csc(a + bz)E (3 (a + bz — §)|2)

1
do —

/ Vesc(a + br) v b
[In] Int[1/Sqrt[Cscla + bxx]],x]

[Out] (2xSqrt([Cscl[a + bxx]]*EllipticE[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/
b

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xl]

Rule 3856
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &

EqQ[n~2, 1/4]

Rubi steps

integral = <\/csc(a + bx)+/sin(a + bx)) / V/sin(a + bz) dzx

_ 2y/esc(a+bx)E(5(a— 5 +bx)|2) \/sin(a + bx)
N b

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.98

/ 1 dz:_2\/csc(a+bx)E(i(—2a+7r—2bz)‘2) V/sin(a + bx)
vesc(a + bx) b

[In] Integrate[1/Sqrtl[Cscla + b*x]],x]

[Out] (-2*%Sqrt[Cscla + b*x]]*EllipticE[(-2*a + Pi - 2%bxx)/4, 2]*Sqrt[Sinf[a + b*x
11)/v

Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.22

method | result
- —— — e , 72\ s G Z
default _ V/sin(zb+a)+1\/—2sin(zb+a)+2 \/~ sin(zb+a) <2 ElllpthE( sin(zb+a)+1,% ) ElhptlcF( sin(zb+a)+1,% ))
cos(zb+a)+/sin(zb+a) b
. 2i(—i+ie2i(abta) Vei(@bta) 1/ 3 ei(abta) 4/ gilab+a) (,2 Ellime( ei(zb+a)+l’§)+E
isch e L \/ei(acb+a) (—i+ie2i(xb+a)) a \/ie3i(zb+a)_iei(zb+a)
TI1SC — +
;ot(zb+a) — :
b\/ FiEbta 1 b\/ o) (ezitabra) 1)

[In] int(1/csc(b*x+a)”~(1/2),x,method=_RETURNVERBOSE)

[Out] -(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*(2*Ellipt
icE((sin(b*x+a)+1)~(1/2),1/2%27(1/2))-EllipticF((sin(b*x+a)+1)~(1/2),1/2%2"
(1/2)))/cos(b*x+a) /sin(b*x+a) ~(1/2) /b
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.34

/P 1

——dx

v ese(a + br)

_ V/2iweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (b + a))) + v/—2iweierstrassZeta(4
B b

[In] integrate(1/csc(b*x+a)”~(1/2),x, algorithm="fricas")

[Out] (sqrt(2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) + I
*sin(b*x + a))) + sqrt(-2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0
, cos(b*x + a) - Ix*sin(b*x + a))))/b

Sympy [F]

| e e

[In] integrate(1/csc(b*x+a)**(1/2),x)
[Out] Integral(l/sqrt(csc(a + b*x)), x)

Maxima [F]

=l = =

[In] integrate(1l/csc(b*x+a)”~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(csc(b*x + a)), x)
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Giac [F]

| e | me

[In] integrate(1/csc(b*x+a)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(csc(b*x + a)), x)

Mupad [F(-1)]

Timed out.
hh

/;dw_/;d
vese(a + bx) /m

[In] int(1/(1/sin(a + b*x))~(1/2),x)
[Out] int(1/(1/sin(a + b*x))~(1/2), x)
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314 [l —dx

3
csc2 (a+bx)
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . 99
Maple [A] (verified) . . . . . . . . .. 100!
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 100
Sympy [F] . . o 100
Maxima [F] . . . . . . o 10T
Giac [F] . . o 107
Mupad [F(-1)] . . . o 107

Optimal result

Integrand size = 10, antiderivative size = 67

1
/ dp — — 2 cos(a + bx)

3
csc2 (a + bx) 3b4/csc(a + bx)
N 2+/csc(a + bz) EllipticF (3(a — 5 + bz) ,2) \/sin(a + bz)
3b

[Out] -2/3*cos(b*x+a)/b/csc(b*x+a) " (1/2)-2/3*(sin(1/2*a+1/4%Pi+1/2*%bxx)~2)~(1/2)/
sin(1/2xa+1/4*Pi+1/2*xbxx)*E1llipticF(cos(1/2*a+1/4*Pi+1/2xb*x) ,27(1/2))*csc(
b*x+a) ~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number
— _ o humber of rules _ —

of steps used = 3, number of rules used = 3, integrand size 0.300, Rules used = {3854,

3856, 2720}

T
a+ bx) 3b

2 cos(a + bx)
3by/csc(a + bx)

/ 1 o — 24/sin(a + bz)+/csc(a + bz) EllipticF (1(a+ bz — %) ,2)
3
escz (

[In] Int[Csc[a + bx*x]~(-3/2),x]

[Out] (-2*Cos[a + b*x])/(3*bxSqrt[Csc[a + b*x]]) + (2*Sqrt[Csc[a + b*x]]*Elliptic
F[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*b)

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*xCsc[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

. 2 cos(a + bx) /
integral = vese(a + bx) dz
& 3b\/csc (a + bx)

= 2cos(a + br) (\/csc + bz)+/sin(a +b:L'

1
dx
3b\/csc (a + bx) / \/sin(a + bx)

_2cos(a + bz) N 2+/csc(a + bz) EllipticF (1(a — Z 4 bz),2) \/sin(a + bz)
3by/csc(a + bx) 3b

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

/ 1
— . dz
cscz (a + bx)
csc(a + bzx) (2 EllipticF (1(—2a + 7 — 2bx),2) /sin(a + bz) + sin(2(a + bx)))
3b

[In] Integrate[Cscla + b*x]~(-3/2),x]

[Out] -1/3%(Sqrt[Cscla + b*x]]*(2*xEllipticF[(-2*a + Pi - 2%b*x)/4, 2]*Sqrt([Sin[a
+ b*x]] + Sin[2x(a + b*x)]))/b
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Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.31

method | result size

sin(zb+a)+1/—2sin(zb+a)+2 /— sin(zb+a) EllipticF(\/sin(zb-i-a)-!—l, @) 2 cos(a:b+a.)2 sin(wbta)
3

3
default cos(zb+a)+/sin(zb+a) b

88

[In] int(1/csc(b*x+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] (1/3*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*Ellip
ticF((sin(b*x+a)+1)~(1/2),1/2%2"(1/2))-2/3*cos (b*x+a) ~2*sin(b*x+a))/cos (b*x
+a)/sin(b*xx+a) ~(1/2) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.01

/ 1
————dr =
cscz (a + bx)

_2cos(br+a)/sin(bz+a)+i V/2iweierstrassPInverse(4, 0, cos (bx + a) + i sin (bx + a)) — i /—2iwei
3b

[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="fricas")

[Out] -1/3%(2xcos(b*x + a)*sqrt(sin(b*x + a)) + I*sqrt(2*I)*weierstrassPInverse(4
, 0, cos(b*x + a) + I*sin(b*x + a)) - Ixsqrt(-2*I)*weierstrassPInverse(4, 0
, cos(bxx + a) - Ixsin(b*x + a)))/b

Sympy [F]

1 1
[t [
cscz(a + bx) cscz (a + bx)

[In] integrate(1/csc(b*x+a)**(3/2),x)
[Out] Integral(csc(a + b*x)**(-3/2), x)
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Maxima [F]

/ S N . / B
cscz(a + bx) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-3/2), x)

Giac [F]

/ b - / 1 &
cscz(a + bz) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(-3/2), x)

Mupad [F(-1)]

Timed out.

1 1
cscz (a + bx) < 1 >

sin(a+bzx)

[In] int(1/(1/sin(a + b*x))~(3/2),x)
[Out] int(1/(1/sin(a + b*x))~(3/2), x)
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3.15 [—+—dx

csc2 (a+bx)
Optimal result . . . . . . . . . . e 102
Rubi [A] (verified) . . . . . . .. . . 102
Mathematica [A] (verified) . . . . . . . . ... L 103
Maple [A] (verified) . . . . . . . . 104
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... .. ... . 104
Sympy [F] . . . 1041
Maxima [F] . . . . . .o 105
Giac [F] . . . o o o 105
Mupad [F(-1)] . . . oo 105

Optimal result

Integrand size = 10, antiderivative size = 67

/ 1 do— 2 cos(a + bx) 6\/csc(a+bx E(i(a— % +bz)|2) \/sin(a + bz)
csc2 (

3(a + bzx) 5bescs (a + bx) 5b

[Out] -2/5*cos(b*x+a)/b/csc(bxx+a) ~(3/2)-6/5*%(sin(1/2*%a+1/4*Pi+1/2%bxx)~2)~(1/2)/
sin(1/2*a+1/4*%Pi+1/2%b*x)*E1llipticE(cos(1/2*a+1/4*Pi+1/2xb*x) ,27(1/2))*csc(
bxx+a) ~(1/2)*sin(b*xx+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3 number of rules _ 0.300, Rules used = {3854,

' integrand size
3856, 2719}

/ 1 o — 61/sin(a + bz)\/csc(a +bz)E(5(a+bz — §)[2)  2cos(a+ br)
csc? (a + be) 5b 5bcscz (a + be)

[In] Int[Cscl[a + b*x]~(-5/2),x]

[Out] (-2*Cos[a + b*x])/(5*bxCsc[a + bxx]~(3/2)) + (6%Sqrt[Csc[a + b*x]]*Elliptic
E[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/(5*b)

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 3854
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps

2 cos(a + bx)

" Bbesch (a+ bx) /\/csc a+bx
=— 2cos§a+bx) -|—g<3\/csc(a+b:c)\/sin(a+bx))/\/sin(a-l—bx) dz

integral =

5bescz(a + bx)
2 cos(a + bx) 6\/csc a+br)E(%(a—Z +bx)|2) /sin(a + bz)
 Bbescs 2(a+ bx) 5b

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.90

/%dm
csc2 (a + br)
24/csc(a + bx) (3E( 1(—2a + m — 2bz)| 2) /sin(a + bz) + cos(a + bz) sin(a + bx))
5b

[In] Integrate[Cscla + b*x]~(-5/2),x]

[Out] (-2*Sqrt[Cscla + b*x]]*(3*EllipticE[(-2*a + Pi - 2xbxx)/4, 2]*Sqrt[Sinl[a +
b*xx]] + Cos[a + b*x]*Sin[a + b*x]~2))/(5%b)
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Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.12

method | result

. . n — - —a PR \/.7, ﬁ O — T b
9 sm(a:b+a)4 2 51n(mb+a)2 3 6+/sin(zb+a)+1 2 sin(zb+a)+2 sin(zb+a) ElhptlcE( sin(zb+a)+1,% + 3y/sin(zb+a)+1/—2sin(zb+a)+
5 5 5

default cos(zb+a)+/sin(zb+a) b

[In] int(1/csc(b*x+a)~(5/2) ,x,method=_RETURNVERBOSE)

[Out] (2/5*sin(b*x+a) ~4-2/5*sin(b*x+a) ~2-6/5*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+
2)~(1/2)*(-sin(b*x+a)) ~(1/2)*EllipticE((sin(b*x+a)+1)~(1/2),1/2*27(1/2))+3/

5% (sin(b*x+a)+1)~(1/2) *(-2*sin(b*x+a)+2) ~(1/2) *(-sin(b*x+a) )~ (1/2) *Elliptic
F((sin(b*x+a)+1)~(1/2),1/2%27(1/2)))/cos(b*x+a) /sin(b*x+a)~(1/2) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.27

/ 1
————dz
cscz (a + br)
3 v/2iweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bx + a) + i sin (bz + a))) + 3 /—2iweierstrassZet
N 50

[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="fricas")

[Out] 1/5%(3*sqrt(2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x +
a) + Ixsin(b*x + a))) + 3xsqrt(-2*I)*weierstrassZeta(4, 0, weierstrassPInve
rse(4, 0, cos(b*x + a) - I*sin(b*x + a))) + 2*(cos(b*x + a)~3 - cos(b*x + a
))/sqrt(sin(b*x + a)))/b

Sympy [F]

1 1
| —rrmdo= [
cscz (a + bx) cscz (a + bx)

[In] integrate(1/csc(b*x+a)**(5/2),x)
[Out] Integral(csc(a + b*x)**x(-5/2), x)
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Maxima [F]

/ S N . / B S
csc2(a + bx) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-5/2), x)

Giac [F]

/ b - / 1 &
cscz(a + bz) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(-5/2), x)

Mupad [F(-1)]

Timed out.

1 1
cscz (a + bx) < 1 >

sin(a+bzx)

[In] int(1/(1/sin(a + b*x))~(5/2),x%)
[Out] int(1/(1/sin(a + b*x))~(5/2), x)
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3.16 [—1—dx

7
csc2 (a+bx)
Optimal result . . . . . . . . . . . . e 106
Rubi [A] (verified) . . . . . . . . . . 106
Mathematica [A] (verified) . . . . . . . . . ... 107
Maple [A] (verified) . . . . . . . . .. 108}
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 108
Sympy [F] . . o 108
Maxima [F] . . . . . o 109
Giac [F] . . . o o e 109
Mupad [F(-1)] . . . . 1091

Optimal result

Integrand size = 10, antiderivative size = 90

a+ bx)  Thescs (a+bx) 21by/csc(a + bx)
N 10+/csc(a + bz) EllipticF (1 (a —  + bz) ,2) \/sin(a + bz)

21b

/ 1 2 cos(a + bx) 10 cos(a + bx)
————dr = -
cscz (

[Out] -2/7*cos(b*x+a)/b/csc(b*x+a)”(5/2)-10/21*cos(b*x+a) /b/csc(b*x+a)~(1/2)-10/2
1x(sin(1/2%a+1/4*Pi+1/2xb*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2xbxx)*E1lipticF(c
os(1/2%a+1/4xPi+1/2xb*x) ,2"(1/2)) *csc(b*x+a) ~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00, number
— _ o number of rules _ —

of steps used = 4, number of rules used = 3, integrand size 0.300, Rules used = {3854,

3856, 2720}

cscz (a + bx) * Thescs (a+bx) 21by/csc(a + bx)
N 10+/sin(a + bz)+/csc(a + bz) EllipticF (1(a +bz —2),2)
21b

/ 1 dp — 2cos(a+bz)  10cos(a + bx)

[In] Int[Cscl[a + b*x]~(-7/2),x]

[Out] (-2*Cos[a + b*x])/(7*bxCsc[a + b*x]~(5/2)) - (10*Cos[a + b#*x])/(21*b*Sqrt[C
scla + b*x]]) + (10%Sqrt([Csc[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqr
t[Sin[a + b*x]])/(21%b)

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Cscl[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps

, 2cos(a+bzx) 5 1
integral = — 5 +5 | ———dz
Thescz(a+bx) 7.J csc2(a+ bx)

2 cos(a + bx) 10 cos(a + bx) 5 /
== 5 - + — [ /csc(a + bx) dr
Tbescz(a+br)  21by/csc(a+bz) 21 ( )

_ 2cos(a+bzx)  10cos(a+ bx)

Thescs(a + bx)  21by/csc(a + bx)
+ % (5\/csc(a + bx)+/sin(a + bx)) / \/ﬁ dx

__ 2cos(a+bz)  10cos(a+ bx)

~ Thescs (a+bzx) 21by/csc(a + bx)
N 10+/csc(a + bz) EllipticF (3(a — 5 + bz) ,2) \/sin(a + bz)
21b

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.72

/ 1
————dr =
cscz (a + bx)
csc(a + bx) (40 EllipticF (}(—2a + 7 — 2bz),2) /sin(a + bz) + 26 sin(2(a + bz)) — 3sin(4(a + bz),
84b

[In] Integrate[Cscla + b*x]~(-7/2),x]

[Out] -1/84x(Sqrt[Cscla + b*x]]*(40%EllipticF[(-2%a + Pi - 2xbxx)/4, 2]*Sqrt[Sin[
a + bxx]] + 26*%Sin[2*(a + b*x)] - 3*Sin[4x(a + b*x)]))/b
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Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.16

method | result size

5y/sin(zb+a)+1+/—2sin(zb+a)+2 \/— sin(zb+a) EllipticF‘(x/sin(wb-ﬁ-a)-&-l,@)

2 cos(mb+a)4 sin(zb+a) + _ 16 cos(zb+a)2 sin(zb+a)
7 21

default 104

21
cos(zb+a)+/sin(zb+a) b

[In] int(1/csc(b*x+a)”~(7/2) ,x,method=_RETURNVERBOSE)

[Out] (2/7*cos(b*x+a) “4*sin(b*x+a)+5/21*(sin(b*x+a)+1)~(1/2) *(-2*sin(b*x+a)+2)~ (1
/2)*(-sin(b*x+a)) ~(1/2)*EllipticF((sin(b*x+a)+1)~(1/2),1/2*27(1/2))-16/21%c
os (bxx+a) “2*sin(b*x+a)) /cos (b*x+a) /sin(b*x+a)~(1/2) /b

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.90

/ 1
————dzx
cscz (a + bx)

2 (3 cos (bz + a)® — 8 cos (bx + a))\/sin (bz + a) — 5i v/2iweierstrassPInverse(4, 0, cos (bz + a) + i sin (b
B 21b

[In] integrate(1/csc(bxx+a)~(7/2),x, algorithm="fricas")

[Out] 1/21%(2%(3*cos(b*x + a)~3 - 8xcos(b*x + a))*sqrt(sin(b*x + a)) - 5xIxsqrt(2
*xI)*weierstrassPInverse(4, 0, cos(b*x + a) + Ixsin(b*x + a)) + 5xIxsqrt(-2x%
I)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x + a)))/b

Sympy [F]

| sterm®= |
—dr = | ———dz
cscz (a + br) csc? (a + bx)

[In] integrate(1/csc(b*x+a)**(7/2),x)
[Out] Integral(csc(a + bxx)**(-7/2), x)
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Maxima [F]

/ S N . / B
cscz(a + bx) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(7/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-7/2), x)

Giac [F]

/ b - / 1 &
cscz(a + bz) csc (br + a)?

[In] integrate(1/csc(b*x+a)~(7/2),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(-7/2), x)

Mupad [F(-1)]

Timed out.

1 1
cscz (a + bx) < 1 >

sin(a+bzx)

[In] int(1/(1/sin(a + b*x))~(7/2),x)
[Out] int(1/(1/sin(a + b*x))~(7/2), x)
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3.17 [(cesc(a + bx))? da

Optimal result . . . . . . . . . . . 1101
Rubi [A] (verified) . . . . . . ... . 110
Mathematica [A] (verified) . . . . . . . . ... L 112
Maple [C] (verified) . . . . . . . . . . 112
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 112
Sympy [F] . . . 113
Maxima [F] . . . . . .o 113
Giac [F] . . . o o o 113
Mupad [F(-1)] . . . oo 113

Optimal result

Integrand size = 12, antiderivative size = 103

3 \/—
/(ccsc(a + bx))7/2 dr — _6c cos(a + bzx)+/ccsc(a + bx)

5b
_ 2ccos(a + bx)(cesc(a + bx))*? 6c*E(3(a— % +bx)|2)
5b 5b\/ccsc(a + bx)+/sin(a + bz)

[Out] -2/5*c*cos(bxx+a)* (c*xcsc(b*xx+a))~(5/2) /b-6/5%c”3*cos (b*x+a)* (cxcsc(bxx+a))”
(1/2) /b+6/5*c”~4* (sin(1/2*a+1/4%Pi+1/2*xb*x) ~2)~(1/2) /sin(1/2*a+1/4%Pi+1/2*xb*
x)*EllipticE(cos(1/2%a+1/4%Pi+1/2%b*x),27(1/2))/b/(c*csc(b*x+a))~(1/2)/sin(
b*xx+a)~(1/2)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3 number of rules _ 0.250, Rules used

' integrand size
= {3853, 3856, 2719}

6c*E(3(a+bz —F)|2)
5b+/sin(a + bz)+/ccsc(a + bz)

_ 6ccos(a+bx)y/cesc(a+bx)  2ccos(a + bx)(cesc(a + bx))*?
5b 5b

/(ccsc(a +bz))? dz = —

[In] Int[(c*Cscl[a + b*x])~(7/2),x]

[Out] (-6%c~3xCos[a + bxx]*Sqrt[cxCsc[a + b*x]])/(5%b) - (2*c*Cos[a + b*x]*(c*Csc
[a + bxx])~(5/2))/(5%b) - (6xc~4*EllipticE[(a - Pi/2 + b*x)/2, 2])/(5%b*Sqr
t[c*Cscla + b*x]]*Sqrt[Sin[a + b*x]])
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Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

2ccos(a + bx)(ccsc(a + bx))5/?
5b

integral = — + %(302) /(c csc(a + bx))/? dz

6% cos(a+ bx)+/cesc(a + bx)

5b
5/2
_ 2ccos(a + bz)(cesc(a + bx))*? 1(304) / 1 i
5b d Veesc(a + br)
__6c®cos(a+bx)\/cesc(a+bx)  2ccos(a + bx)(cesc(a + bx))*?
B 5b 5b
(3¢*) | v/sin(a + bz) dz

- 5\/ccsc(a + bx)+/sin(a + bx)

__6c’cos(a+bx)\/cesc(a+bx)  2ccos(a + bx)(cesc(a + bx))*?
B 5b 5b
6c*E(3(a—Z +bz)|2)
5b+/ccsc(a + bz)+/sin(a + bz)
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Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.65

/ (cesc(a

cescla + bz))/? (24E(1(—2a + 7 — 2bz)| 2) sin? (a + bz) — 10sin(2(a + bz)) + 3sin(4(a + b
+b2))7%d :
x r =

200

[In] Integrate[(cxCscla + bxx])~(7/2),x]
[Out] ((c*Cscla + b*x])~(7/2)*(24*E1llipticE[(-2*a + Pi - 2%bx*x)/4, 2]*Sin[a + b*x

17(7/2) - 10%Sin[2%(a + b*x)] + 3*Sin[4*(a + b*x)]))/(20%b)
Maple [C] (verified)

Result contains complex when optimal does not.

Time = 3.86 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.41

method | result
c3+/ccsc(xb+a) ((—6 cos(zb+a)—6)/—i(i—cot(zb+a)+csc(xb+a)) /—i(i+cot(xb+a)—csc(zb+a)) \/i(csc(zb+a)—cot(zb+a)) E

default | —

[In] int((c*csc(bxx+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -1/5/b*c”3*(c*xcsc(b*x+a)) ~(1/2) *((-6*cos (b*x+a)-6)*(-I*(I-cot (b*x+a)+csc(bx*
x+a))) " (1/2)*(-I*(I+cot (b*x+a)-csc(b*xx+a))) ~(1/2)*(I*(csc(b*x+a)-cot (b*x+a)
))~(1/2)*E1lipticE((-I*(I-cot (bxx+a)+csc(b*x+a)))~(1/2),1/2*x27(1/2))+(3*cos
(b*xx+a)+3) * (-I*(I-cot (b*x+a)+csc(b*x+a))) ~(1/2) *(-I*(I+cot (b*x+a)-csc(b*xx+a
)))~(1/2) *(I*(csc(bxx+a)-cot (b*x+a)) )~ (1/2)*E1lipticF ((-I*(I-cot(b*x+a)+csc
(bxx+a)))~(1/2),1/2%27(1/2))+2~(1/2) *(3+csc (b*x+a) xcot (bxx+a) ) ) *2~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.46

/(c csc(a + bx))"/? dx =

3 (¢ cos (bx + a)® — c*)v/2i cweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) -

[In] integrate((c*csc(b*x+a))~(7/2),x, algorithm="fricas")
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[Out] -1/5%(3*(c"3*cos(b*x + a)~2 - c~3)*sqrt(2*I*c)*weierstrassZeta(4, 0, weiers
trassPInverse(4, 0, cos(b*x + a) + Ixsin(b*x + a))) + 3*%(c"3*cos(b*x + a)~2
- ¢"3)*sqrt (-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*
x + a) - Ixsin(b*x + a))) + 2*%(3*c"3*cos(b*x + a)~3 - 4*c”3*cos(b*x + a))x*s

qrt(c/sin(b*x + a)))/(b*cos(b*x + a)~2 - b)
Sympy [F]

/(ccsc(a + bz))? dx = / (cesc(a+ bx))% dx

[In] integrate((c*csc(bxx+a))**(7/2),x)
[Out] Integral((cxcsc(a + bxx))*x(7/2), x)

Maxima [F]
/(ccsc(a +bz))? dx = / (cesc (bz + a))? dx

[In] integrate((c*csc(b*x+a))~(7/2),x, algorithm="maxima")

[Out] integrate((cxcsc(b*x + a))~(7/2), x)

Giac [F]
/(ccsc(a +bz))? dx = / (cesc (bz + a))? dx

[In] integrate((c*csc(bxx+a))~(7/2),x, algorithm="giac")

[Out] integrate((cxcsc(b*x + a))~(7/2), x)

Mupad [F(-1)]

Timed out.

/ (cosc(a+ bz))"2 dz = / (m)mm

[In] int((c/sin(a + b*x))~(7/2),x)
[Out] int((c/sin(a + b*x))~(7/2), x)
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3.18 [(cesc(a + bx))5/% d

Optimal result . . . . . . . . . . e 114
Rubi [A] (verified) . . . . . . .. . . 114
Mathematica [A] (verified) . . . . . . . . ... L 115
Maple [C] (verified) . . . . . . . . . .. 116
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 116
Sympy [F] . . . 117
Maxima [F] . . . . . . 117
Giac [F] . . . o o o 117
Mupad [F(-1)] . . . o o 117

Optimal result

Integrand size = 12, antiderivative size = 75

3/2
/(c csc(a + bx))5/2 dp — 2 cos(a + bx)(;bcsc(a + b))
N 2¢2/ccsc(a + bz) EllipticF (1(a — T + bx) , 2) \/sin(a + bz)

3b

[Out] -2/3*c*cos(b*x+a)*(c*csc(b*x+a)) " (3/2)/b-2/3*xc"2*(sin(1/2*a+1/4*Pi+1/2*xb*x)
~2)7(1/2) /sin(1/2*a+1/4%Pi+1/2*%b*xx)*E1llipticF (cos(1/2*a+1/4*Pi+1/2xbxx) ,27(
1/2))*(cxcsc(b*x+a)) " (1/2) *sin(b*x+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjles used = {3853,

' integrand size
3856, 2720}

_ 2ccos(a + bz)(cesc(a + bzx))?/?
3b

[In] Int[(c*Cscla + bxx])~(5/2),x]

[Out] (-2*c*Cos[a + b*x]*(c*Cscla + b*x])~(3/2))/(3*%b) + (2*c~2*Sqrt[cxCsc[a + b*
x]]*EllipticF[(a - Pi/2 + b#*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3%*b)

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

3/2 1
integral = — 2ccos(a + bz)(cescla + b)) + §c2 / v cesc(a + bx) do

3b
2ccos(a + bx)(cesc(a + bx))¥2 1/, _ / 1
=— +- ccsc(a + bz)+/sin(a + bx ——dz
3b 3 <C Veese(a+ba)y/sin( )> sin(a + bz)

_ 2ccos(a + bx)(cesc(a + bx))/?

3b
N 2¢*\/ccsc(a + bz) EllipticF (3 (a — Z +bz),2) \/sin(a + bz)
3b

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.73

/(c csc(a + bx))* 2 dx =

(cesc(a + bx))®/2 (2 EllipticF (1(—2a + 7 — 2bz),2) sin? (a + bz) + sin(2(a + bx)))
3b

[In] Integrate[(cxCscla + bxx])~(5/2),x]

[Out] -1/3*%((cxCscla + b*x])~(5/2)*(2*EllipticF[(-2*a + Pi - 2%bxx)/4, 2]*Sin[a +
bxx]~(5/2) + Sin[2*(a + b*x)]))/b
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.64 (sec) , antiderivative size = 312, normalized size of antiderivative = 4.16

method | result

5

c(esc(zb+a)(1—cos(zb+a))2+sin(zb+a 2
csc(:vb+a,)2< ( (zbta) 1—co:(m:+i; Hoin(abt ))> (1—cos(zb+a))? (21’\/—i(i—cot(:Eb+a,)+csc(mb+a))\/ﬁ\/—i(i+cot(zb+a)—csc

default
6b4/ csc(xb+a) (1—cos(wb+a))3+csc(wb+a)—cot(xb+a) |/ csc(zb+a)(

[In] int((c*csc(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/6/b*csc(b*x+a) 2% (c/(1-cos(b*x+a))*(csc(b*x+a)*(1-cos(b*x+a)) "2+sin(b*x+a
)))~(5/2)*(1-cos(b*x+a)) “2% (2*%I* (-I*(I-cot (b*x+a)+csc(b*x+a))) " (1/2)*27(1/2
)*x(~I*(I+cot (b*x+a)-csc(b*x+a)))~(1/2)*(I*(csc(b*xx+a)-cot(b*x+a)))~(1/2)*E1l
lipticF((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2%27(1/2))*(csc(b*x+a)-cot(b

xx+a) ) +csc(b*xx+a) “4* (1-cos(b*x+a)) ~4-1) / (csc(b*x+a) “3* (1-cos (b*x+a) ) “3+csc(
b*xx+a)-cot (bxx+a)) ~(1/2)/(csc(b*x+a)*(1-cos (b*x+a)) * (csc(b*x+a) 2% (1-cos (b*
x+a))"2+1)) " (1/2)/ (csc(b*x+a) “2*x (1-cos (b*x+a)) "2+1) "2x27(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.40

/ (cesc(a
/ —i4/2i cc? sin (bx + a) weierstrassPInverse(4, 0, cos (bx + a) + i sin (bx + a)) + 5 v/—2i cc? sin |
ba))? da =
+bx))"" dz 3 bsin (b

[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/3*%(-Ixsqrt(2*I*c)*c”2*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x + a)
+ I*sin(b*x + a)) + Ixsqrt(-2*I*c)*c”2*sin(b*x + a)*weierstrassPInverse(4,

0, cos(b*x + a) - I*sin(b*x + a)) - 2xc~2*sqrt(c/sin(b*x + a))*cos(b*x + a

))/(bxsin(b*x + a))
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Sympy [F]

/(ccsc(a +bz))>? dx = / (cesc (a+bz))? do

[In] integrate((cxcsc(b*x+a))**(5/2),%x)
[Out] Integral((cxcsc(a + bxx))*x(5/2), x)

Maxima [F]
/(ccsc(a + bx))*? do = / (cese (br + a))g dx

[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~(5/2), x)

Giac [F]
/(ccsc(a + bx))*? do = / (ccese (bx + a))% dx

[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="giac")

[Out] integrate((c*csc(b*x + a))~(5/2), x)

Mupad [F(-1)]

Timed out.

/ (cosc(a+ bz))*2 dz = / (m)mdw

[In] int((c/sin(a + b*x))~(5/2),x)
[Out] int((c/sin(a + b*x))~(5/2), x)
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3.19 [(cesc(a + bx))>? d

Optimal result . . . . . . . . . . . 18]
Rubi [A] (verified) . . . . . . ... . 118
Mathematica [A] (verified) . . . . . . . . ... L 119
Maple [C] (verified) . . . . . . . . . . 120
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 120
Sympy [F] . . . 121
Maxima [F] . . . . . . 121]
Giac [F] . . . o o o 1211
Mupad [F(-1)] . . . o o 121]

Optimal result

Integrand size = 12, antiderivative size = 71

2 Veescla+be)  2°E(3(a— % +ba)|2
/(Ccsc(a 4 b)) dr = — ccos(a+bz)y/cescla+bz) 2 (L(a—12+0bz)|2)
b by/ccsc(a + bzx)+/sin(a + bz)

[Out] -2*c*cos(b*x+a)*(c*csc(b*x+a)) " (1/2)/b+2xc~ 2% (sin(1/2*a+1/4*Pi+1/2xb*xx)~2)~
(1/2)/sin(1/2%a+1/4*Pi+1/2%b*x)*E1llipticE(cos(1/2*a+1/4%Pi+1/2%b*x) ,2~(1/2)
)/b/ (c*xcsc(b*x+a)) ~(1/2) /sin(bxx+a)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 954 Ryjes used = {3853,
integrand size
3856, 2719}

/(ccsc(a b)) ¥2 d = — 2°E (3 (a+ bz — %)|2) _ 2ccos(a + bz)/ccesc(a + br)
by/sin(a + bz)+/ccsc(a + bx) b

[In] Int[(c*Cscla + b*x])~(3/2),x]

[Out] (-2*c*Cos[a + b*x]*Sqrt[cxCscla + b*x]])/b - (2*xc”2*EllipticE[(a - Pi/2 + b
*x)/2, 2]1)/(b*Sqrt[cxCsc[a + b*x]]*Sqrt[Sin[a + b*x]])

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 3853
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps
. 2ccos (a + bx) \/ccsc (a + bx) /
integral =
V/cese(a + bx
2ccos(a+bz)y/cesc(a+bz) [ y/sin(a+bz)d
b v/eesc(a + bx)+/sin(a + b)
2ccos(a + bz)+/ccsc(a + bx) 22E(3(a— % +bx)|2)
a b by/ccsc(a + bz \/sm (a+ bx)

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.76

/ (ccesc(a

b)) da = (ccse(a + bx))3/? <2E( 1(—2a + 7 — 2bz)| 2) sin2 (a + bz) — sin(2(a + bx)))

b

[In] Integrate[(c*Cscla + b*x])~(3/2),x]

[Out] ((c*Cscla + b*x])~(3/2)*(2+#EllipticE[(-2*a + Pi - 2xb#*x)/4, 2]*Sin[a + b*x]
~(8/2) - Sin[2*(a + b*x)]))/b
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.31 (sec) , antiderivative size = 413, normalized size of antiderivative = 5.82

method | result
cy/ccsc(zb+a) (2 \/—i(i—cot(zb+a)+csc(zb+a)) 1/i(—i—cot(xb+a)+csc(zb+a)) 1/i(csc(zb+a)—cot(zb+a)) EllipticE (\ /—i(i—cot(

default

[In] int((c*csc(bxx+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/bxc*(c*csc(b*xx+a))~(1/2)*(2*%(-I*(I-cot(b*x+a)+csc(b*x+a))) ~(1/2)*(I*x(-I-c
ot (b*x+a)+csc(bxx+a))) ~(1/2)*(I*(csc(b*x+a)-cot (b*x+a))) ~(1/2)*E1l1lipticE((-
Ix(I-cot (b*x+a)+csc(b*xx+a)))~(1/2),1/2%2~(1/2)) *cos (b*xx+a) - (-I*(I-cot (b*x+a
)+csc(b*x+a))) " (1/2) *(I*x(-I-cot (b*x+a)+csc(b*x+a))) " (1/2) *(I*(csc(b*x+a)-co

t (bxx+a))) ~(1/2)*EllipticF ((-I*(I-cot (b*x+a)+csc(b*x+a)))~(1/2),1/2x2~(1/2)

)*cos (b*x+a)+2*% (-I* (I-cot (b*x+a)+csc(b*x+a)))~(1/2) *(I*(-I-cot (b*x+a)+csc(b
xx+a))) ~(1/2) *(I*(csc(b*x+a)-cot (bxx+a)))~(1/2)*E1lipticE((-I*(I-cot (b*x+a)
+csc(bxx+a)))~(1/2),1/2%27(1/2)) - (-I*(I-cot (b*x+a)+csc(b*x+a))) ~(1/2) *(I*x (-
I-cot(b*x+a)+csc(b*x+a))) ~(1/2) *(I*(csc(b*x+a)-cot(b*x+a)))~(1/2)*EllipticF
((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2%27(1/2))-2"(1/2))*2~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.17

/(c csc(a + bx))3? dz =
2¢, / satara) ©OS (bx + a) + V/2i ccweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + 4 sin (bz +

b

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="fricas")

[Out] -(2*c*sqrt(c/sin(b*x + a))*cos(b*x + a) + sqrt(2xIxc)*c*weierstrassZeta(4,
0, weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a))) + sqrt(-2*I*c)
*cxweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(bxx + a) - Ix*sin(b*x

+a))))/b
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Sympy [F]

/(ccsc(a +bz))3? dx = / (cesc (a+bz))? do

[In] integrate((cxcsc(b*x+a))**(3/2),%x)
[Out] Integral((cxcsc(a + bxx))*x(3/2), x)

Maxima [F]
/(ccsc(a + b2))3? dx = / (cese (br + a))% dx

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~(3/2), x)

Giac [F]
/(ccsc(a + bx))3? do = / (ccese (bx + a))% dx

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="giac")

[Out] integrate((c*csc(b*x + a))~(3/2), x)

Mupad [F(-1)]

Timed out.

/ (cosc(a+ bz))¥2 dz = / (m)wdw

[In] int((c/sin(a + b*x))~(3/2),x)
[Out] int((c/sin(a + b*x))~(3/2), x)
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3.20 [ /ccsc(a + bx) dx

Optimal result . . . . . . . . . . . 1221
Rubi [A] (verified) . . . . . . . .. . 122
Mathematica [A] (verified) . . . . . . . . ... L 123
Maple [C] (verified) . . . . . . . . . .. 123
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ... . 124
Sympy [F] . . . 124
Maxima [F] . . . . . . 124
Giac [F] . . . o o 124
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 125

Optimal result

Integrand size = 12, antiderivative size = 43

/ Joosela T 5m) do = 2V/eese(at ba) BllipticF (j(a — § + ba) ,2) /sin(a + ba)

b

[Out] -2x(sin(1/2%a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2*b*x)*E11lipticF(
cos(1/2*a+1/4xPi+1/2%b*x),27(1/2))*(cxcsc(b*x+a))~(1/2) *sin(b*xx+a) ~(1/2) /b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 147 , Rules used = {3856,
integrand size
2720}

/ /coscla + ba) de = 2/sin(a + bz) EllipticF (3 (ab—i- bz — %) ,2) \/cesc(a + bx)
[In] Int[Sqrtlc*Cscla + b*x]],x]

[Out] (2#Sqrt[c*Csc[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]]
)/b

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)¥(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &%
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EqQ[n~2, 1/4]

Rubi steps

1

integral = <\/c csc(a + bx)/sin(a + bx)) / \/W dx

_ 2y/ccsc(a + bx) EllipticF (3(a — § + bz) ,2) \/sin(a + bx)
N b

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.98

/ cescla + bz) da = _QWEHH’HCF (i(—;a + m — 2bz),2) \/sin(a + bz)

[In] Integrate[Sqrt[c*Cscl[a + bxx]],x]
[Out] (-2*Sqrt[cxCscla + b*x]]*EllipticF[(-2*a + Pi - 2xbx*x)/4, 2]*Sqrt[Sin[a + b
*x]1) /b

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.44 (sec) , antiderivative size = 120, normalized size of antiderivative = 2.79

method | result

i(1+cos(zb+a))v/2 \/ccsc(zb+a) /—i(i—cot(zb+a)+csc(zb+a)) /—i(i+cot(zb+a)—csc(zb+a)) 1/i(csc(zb+a)—cot(zb+a)) Ellip
default ;

[In] int((c*csc(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] I/b*(1+cos(b*x+a))*2~(1/2)*(cxcsc(b*x+a)) ~(1/2)*(-I*(I-cot (b*x+a)+csc(b*x+a
1))~ (1/2) % (-I*%(I+cot (b*xx+a)-csc(b*x+a)))~(1/2) *(I*(csc(b*x+a)-cot (bxx+a)))”
(1/2)*E1lipticF ((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2x2~(1/2))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.28

| Veesd(atba)da

—1i /24 cweierstrassPInverse(4, 0, cos (bz + a) + 4 sin (bz + a)) + i /—2i cweierstrassPInverse(4, 0, cos (bz
b

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="fricas")
[Out] (-I*sqrt(2xIxc)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) +

I*sqrt (-2xI*c)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x + a)))/b

Sympy [F]

[ Vewdata)do= [ Veao(a+ o) ds

[In] integrate((c*csc(b*x+a))**(1/2),x)
[Out] Integral(sqrt(c*csc(a + b*x)), x)

Maxima [F]

[ Vewdatado= [ Veao (o + aydo

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(c*csc(b*x + a)), x)

Giac [F]

[ Vewdata)do = [ Veao(bo+aydo

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(cxcsc(b*x + a)), x)
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Mupad [B] (verification not implemented)

Time = 22.32 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.47

[ Veedlatba)da

2 sin(a+bz)F<asin<‘/§— vl_s;“(‘”b””)>‘2> o) cos (a + bz)®
b cos(a+ bzx)

[In] int((c/sin(a + b*x))~(1/2),x)

[Out] -(2*sin(a + b*x)~(1/2)*ellipticF(asin((27(1/2)*(1 - sin(a + b*x))~(1/2))/2)
» 2)*(c/sin(a + b*x))~(1/2)*(cos(a + b*x)~2)~(1/2))/(b*cos(a + b*x))
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3.21 [————dx

ccsc(a+bz)
Optimal result . . . . . . . . . . . e 126
Rubi [A] (verified) . . . . . . . . . . 126
Mathematica [A] (verified) . . . . . . . . ... 127
Maple [C] (verified) . . . . . . . . . . 127l
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ........ 128
Sympy [F] . . o 128
Maxima [F] . . . . . . 128
Giac [F] . . . o o 129
Mupad [F(-1)] . . . . 129]

Optimal result

Integrand size = 12, antiderivative size = 43

2E(3(a—%+bz)|2)

1
dx =
/ \/cesc(a + br) by/ccesc(a + bz)+/sin(a + bx)

[Out] -2x(sin(1/2%a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2*b*x)*E11lipticE(
cos (1/2*a+1/4*Pi+1/2xbxx) ,2~(1/2))/b/(c*csc(b*x+a))~(1/2)/sin(b*x+a) "~ (1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 167 Ryjleg used = {3856,
integrand size
2719}

2E(3(a+bz—3)|2)

1
dx =
/ veese(a + bx) by/sin(a + bzx)+/ccsc(a + bx)

[In] Int[1/Sqrtlc*Cscla + b*x]],x]

[Out] (2xEllipticE[(a - Pi/2 + b#*x)/2, 2])/(b*Sqrt[c*Csc[a + b*x]]*Sqrt[Sin[a + b
*x]1)

Rule 2719

Int[Sqrt[sinl[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)%*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &%
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EqQ[n~2, 1/4]

Rubi steps

| /sin(a + bz) dz

V/cesc(a + bz)4/sin(a + br)
_ 2B(Y(a—j+b)[2)
by/ccsc(a + bx)+/sin(a + bx)

integral =

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.98

2E(%(—2a + 7 — 2bx)| 2)

1
dr = —
/ \/cesc(a + br) by/ccsc(a + bx)+/sin(a + bx)

[In] Integrate[1/Sqrtl[c*Cscla + b*x]],x]

[Out] (-2*EllipticE[(-2*a + Pi - 2%b*x)/4, 2])/(b*Sqrt[c*Csc[a + b*x]]*Sqrt[Sin[a
+ b*x]])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.92 (sec) , antiderivative size = 297, normalized size of antiderivative = 6.91

method | result

Qi(ice2i(zb+a)_ic> \/ei(zb+a)+1 \/_2 i(zbta) 1o \/_ei(zb+a) (_QEmpticE( ei(zb+a)+1’§>+
1| — _
b i3 C\/ei(zb+a) (ic e2i(zb+a) ic) VieeBi(bta) i oi(ab+a)
risc - +
;o ot(zb+a) - i(ebta) ]
b\/eg;(emlﬂ»a)_l b\/ez;i?wbﬂ)_l (e21(wb+a)_1)

. csc(zb+a) (2 cos(zb+a)+/—i(i+cot(zb+a)—csc(zb+a)) \/—i(i—cot(zb+a)+csc(zb+a)) 1/i(csc(zb+a)—cot(zb+a)) EllipticE (\/

default

[In] int(1/(c*xcsc(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -I/b%27(1/2)/(I*c*exp(I*(bxx+a))/(exp(I*(b*x+a))~2-1))~(1/2)+I/b*(-2xI*(I*c
xexp (I*(b*x+a)) ~2-Ix*c)/c/ (exp (I*(b*x+a))* (I*xc*xexp(I*(b*x+a)) 2-I*c))~(1/2)-

(exp (I*(b*x+a))+1)~(1/2) *(-2*exp (I*(b*x+a))+2) ~(1/2)* (-exp (I*(b*x+a)))~(1/2

)/ (Ixc*exp (I*(b*x+a)) ~3-I*ckexp(I*(bxx+a))) ~(1/2)*(-2xE1llipticE((exp(I*(b*x
+a))+1)~(1/2),1/2%27(1/2) )+E1lipticF ((exp(I*(b*x+a))+1)~(1/2),1/2*x2~(1/2)))
)*27(1/2) / (I*xc*exp (I*(b*x+a))/(exp(I*(b*x+a)) ~2-1))~(1/2)*(I*cxexp(I*(b*x+a

))* (exp (I*(bxx+a))~2-1))7(1/2)/ (exp(I*(bxx+a))~2-1)
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Fricas [C] (verification not implemented)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.44

| Ve

_ V/2icweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + 4 sin (bx + a))) + v/ —2i cweierstrassZet
B bc

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="fricas")

[Out] (sqrt(2*Ix*c)*weierstrassZeta(4, O, weierstrassPInverse(4, 0, cos(b*x + a) +
Ixsin(b*x + a))) + sqrt(-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(
4, 0, cos(b*x + a) - Ixsin(b*x + a))))/(b*c)

Sympy [F]

e i v e

[In] integrate(1/(c*csc(b*x+a))**(1/2),x)
[Out] Integral(1l/sqrt(cxcsc(a + b*x)), x)

Maxima [F]

e i v e

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(c*csc(b*x + a)), x)



Giac [F]

e i v e

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(c*csc(b*x + a)), x)

Mupad [F(-1)]

Timed out.

/ ! dx—/;dx
v eese(a + br) st

[In] int(1/(c/sin(a + b*x))~(1/2),x)
[Out] int(1/(c/sin(a + b*x))~(1/2), x)

129
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3.22 J e - dx

a+bx))3/2
Optimal result . . . . . . . . . . . e 130
Rubi [A] (verified) . . . . . . .. . 130
Mathematica [A] (verified) . . . . . . . . . .. L 131
Maple [C] (verified) . . . . . . . . . 132
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ...... 1321
Sympy [F] . . . o 133
Maxima [F] . . . . . . 133
Giac [F] . . . o o 133
Mupad [F(-1)] . . . 133

Optimal result

Integrand size = 12, antiderivative size = 77

/ 1 Qo — — 2cos(a + bx)
(cesc(a + bx))3/2 3bcy/ccsc(a + bx)

N 2/ccsc(a + bz) EllipticF (1 (a —  + bz) ,2) \/sin(a + bz)
3bc?

[Out] -2/3*cos(b*x+a)/b/c/(c*xcsc(b*x+a))~(1/2)-2/3*%(sin(1/2*a+1/4*Pi+1/2*xb*xx)~2)~
(1/2)/sin(1/2%a+1/4xPi+1/2%b*x)*E1lipticF (cos(1/2*a+1/4%Pi+1/2%b*x) ,2"(1/2)
)Y*(c*xcsc(b*x+a)) ~(1/2) *sin(b*xx+a) ~(1/2)/b/c"2

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.250, Rules used = {3854,
integrand size

3856, 2720}
/ 1 e — 2+/sin(a + bz) EllipticF (1 (a + bz — Z),2) y/cesc(a + br)
(cesc(a+ ba))o2 “F ~ 3bc?
_ 2cos(a+bx)
3bcy/ccsc(a + bx)

[In] Int[(c*Cscla + b*x])~(-3/2),x]

[Out] (-2*Cos[a + b*x])/(3*bxcxSqrt[c*Csc[a + b*x]]) + (2xSqrt[c*Csc[a + b*x]]*El
lipticF[(a - Pi/2 + b#*x)/2, 2]1*Sqrt[Sin[a + b*x]])/(3*b*c~2)

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*xCsc[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
integral = — 2 cos(a + bx) N RV ccsc(a2+ bzx) dz
3bcy/ccsc(a + bx) 3c
_ 2cos(a+ba) .\ <\/ccsc(a + bz)+/sin(a + bx)) i \/ﬁ dz
3bcy/cesc(a + bx) 3c?
__ 2cos(a+bx) N 2/ccsc(a + bz) EllipticF (1 (a — % + bz) ,2) /sin(a + bz)
3bcy/cesc(a + br) 3bc?

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.82

| Gosarmmpne-
(cese(a + bx))3/2 =
csc?(a + bx) (2 EllipticF (1(—2a + 7 — 2bz),2) /sin(a + bz) + sin(2(a + bx)))
3b(ccesc(a + bx))3/2

[In] Integrate[(c*Cscl[a + b*x])~(-3/2),x]

[Out] -1/3%(Cscl[a + b*x]"2x(2*EllipticF[(-2*a + Pi - 2%b*x)/4, 2]*Sqrt[Sin[a + bx*
x]] + Sin[2*(a + b*x)]))/(b*(c*Cscla + b*x])~(3/2))



132

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.56 (sec) , antiderivative size = 261, normalized size of antiderivative = 3.39

method | result
sin(zb+a) (—i \/—i(i—cot(zb+a)+csc(xb+a)) 1/i(—i—cot(xb+a)+csc(zb+a)) 1/i(csc(zb+a)—cot(zb+a)) EllipticF (\ /—i(i—cot(zb+

default

[In] int(1/(c*csc(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/3/b*sin(b*x+a)*(-I*(-I*(I-cot (b*x+a)+csc(b*x+a))) ~(1/2)*(I*x(-I-cot (b*x+a)
+csc(bxx+a)) )~ (1/2) * (I* (csc(bxx+a) -cot (b*x+a))) ~(1/2) *E1lipticF ((-I*(I-cot(
bxx+a)+csc(bxx+a))) ~(1/2),1/2%27(1/2) ) *cos (b*x+a) -I* (-I*(I-cot (b*xx+a)+csc(b
*x+a))) " (1/2)*(I*x(-I-cot (b*x+a)+csc(b*x+a))) ~(1/2) *(I*(csc(b*x+a)-cot (b*x+a

1))~ (1/2)*E1lipticF ((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2%27(1/2))+2"(1/

2) *cos (b*x+a)*sin(b*x+a))/c/ (c*csc(b*x+a)) " (1/2) / (cos(b*x+a)-1) / (1+cos (b*xx+
a))*2-(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.10

/ L dr =
(cesc(a +bx))3/2 7
2.\ / sngiaray €08 (bx + a) sin (bx + a) + i v/2i cweierstrassPInverse(4, 0, cos (bx + a) + 4 sin (bx + a)) — i v/-
3bc?

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="fricas")

[Out] -1/3*(2*sqrt(c/sin(b*x + a))*cos(b*x + a)*sin(b*x + a) + Ixsqrt(2*I*c)*weie
rstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) - I*sqrt(-2*I*c)*weier
strassPInverse(4, 0, cos(b*x + a) - I*sin(b*x + a)))/(b*xc™2)
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Sympy [F]

| Gotarm7 = oot

[In] integrate(1/(cxcsc(b*x+a))**(3/2),x)
[Out] Integral((c*csc(a + b*x))*x(-3/2), x)

Maxima [F]

N

/ (cesc(a ‘1*‘ bz))3/2 = / (cesc (bi + a)) “

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~(-3/2), x)

Giac [F]

/ (cesc(a i bz))*/2 = / (cesc (bi + a))% o

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="giac")

[Out] integrate((cxcsc(b*x + a))~(-3/2), x)

Mupad [F(-1)]
Timed out.
1

| o vt/ (si)” N

sin(a+bx)

[In] int(1/(c/sin(a + b*x))~(3/2),x%)
[Out] int(1/(c/sin(a + b*x))~(3/2), x)
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Optimal result

Integrand size = 12, antiderivative size = 77

/ 1 e = — 2 cos(a + bx) N 6E(1(a— % +bz)|2)
(cesc(a + bx))®/? 5be(cese(a +bx))3/2  5be2y/cesc(a + bx)+/sin(a + bx)

[Out] -2/5*cos(b*x+a)/b/c/(c*xcsc(b*xx+a)) ~(3/2)-6/5*%(sin(1/2*%a+1/4*Pi+1/2xb*xx)~2)"
(1/2)/sin(1/2%a+1/4xPi+1/2%b*x)*E1lipticE(cos (1/2*a+1/4%Pi+1/2%b*x) ,2"~(1/2)
)Y/b/c”2/ (c*xcsc(b*x+a))~(1/2) /sin(b*x+a)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number
_ _ o humber of rules _ —

of steps used = 3, number of rules used = 3, integrand size — 0.250, Rules used = {3854,

3856, 2719}

/ 1 o 6E(3(a+bz—2)|2) _ 2cos(a+bx)
(cese(a + bx))5/2 5bc2+/sin(a + bx)+/ccsc(a + bz)  Bbe(cesc(a + bx))3/2

[In] Int[(cxCscl[a + b*x])~(-5/2),x]

[Out] (-2*Cos[a + b*x])/(5xbxc*(cxCsc[a + bxx])~(3/2)) + (6+%EllipticE[(a - Pi/2 +
bxx) /2, 2])/(5%bxc~2*Sqrt[c*Csc[a + b*x]]*Sqrt[Sin[a + b*x]])

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3854
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps

_ 2 cos(a + b.’IJ) n 3 f \/ccsc1(a~|—bx) dz
5bc(cesc(a + bx))3/? 5¢?

B 2cos(a + bz 3 [ /sin(a + bz) dz

B )

~ Bbe(cese(a+bx))32 T 52, /cesc(a + bx)\/sin(a + bz)
)
)

(
(
_ 2cos(a+bx N 6E(%(a—Z+0bx)|2)

5be(cesc(a +bx))3/2 - 5bc2y/cesc(a + bx)+/sin(a + bx)

integral =

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.78

12E( 2 (—2a+7—2bz)[2)

— 2sin(2(a + bx))

/ 1 dr — \/sin(a+bz)
(cese(a + bx))>/? 10bc?y/ccsc(a + bzx)

[In] Integrate[(c*Cscl[a + b*x])~(-5/2),x]
[Out] ((-12%EllipticE[(-2%a + Pi - 2%b*x)/4, 2])/Sqrt[Sin[a + b*x]] - 2*Sin[2x(a

+ bxx)])/(10%b*c~2xSqrt [cxCsc[a + bxx]])
Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.56 (sec) , antiderivative size = 445, normalized size of antiderivative = 5.78

method | result

csc(zb+a) (3\/—i(i—cot(:cb+a)+csc(xb+a)) \/i(—i—cot(zb+a)+csc(zb+a)) 1/i(csc(xb+a)—cot(zb+a)) EllipticF( —1i(i—cot(zb-

default
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[In] int(1/(c*csc(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/5/b*csc(b*x+a)*(3*(-I*(I-cot (b*x+a)+csc(b*x+a))) ~(1/2)*(I*x(-I-cot (b*x+a)+
csc(bxx+a))) ~(1/2)*(I*(csc(b*x+a)-cot (bxx+a))) ~(1/2)*E1llipticF((-I*(I-cot(b
*x+a)+csc(b*x+a)) )~ (1/2),1/2%27(1/2) ) *cos (b*x+a) -6* (-I* (I-cot (b*x+a)+csc(b*
x+a))) " (1/2) *(I*(-I-cot (b*x+a)+csc(b*xx+a))) ~(1/2) *(I*(csc(b*x+a)-cot (b*xx+a)
))~(1/2)*E1lipticE((-I*(I-cot (b*x+a)+csc(b*x+a)))~(1/2),1/2*%27(1/2))*cos (b*
x+a)+27(1/2) *cos (bxx+a) "3+3* (-I*(I-cot (b*x+a)+csc(b*x+a))) " (1/2)*(I*(-I-cot
(bxx+a)+csc(b*x+a)) )~ (1/2) *(I*(csc(b*x+a)-cot (b*x+a))) ~(1/2)*E1llipticF ((-Ix*
(I-cot (b*x+a)+csc(b*x+a)))~(1/2),1/2%27(1/2))-6*%(-I*(I-cot (b*x+a)+csc(b*x+a
1))~ (1/2) *(Ix(-I-cot (b*x+a)+csc(b*x+a)) )~ (1/2) * (I*(csc(b*x+a)-cot (b*x+a)) )~
(1/2)*E1lipticE((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2x27(1/2))-4*cos(b*x
+a)*27(1/2)+3%27(1/2) )/ (c*csc(b*xx+a) )~ (1/2) /c"2%2~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.25

2 (cos (bz + a)® — cos (bz + N et T3 V20 cweierstrassZeta(4, 0, weierstras

1
/ (cese(a + bx))/2 do=

[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/5%(2*(cos(b*x + a)~3 - cos(b*x + a))#*sqrt(c/sin(b*x + a)) + 3*sqrt(2*I*c)
*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x +

a))) + 3*sqrt(-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(

b*x + a) - Ik*sin(b*x + a))))/(bxc~3)

Sympy [F]

/ (cesc(a ‘1*‘ bx))>/2 o = / (cesc (al-l— bz))? @

[In] integrate(1/(c*csc(b*x+a))**(5/2),x)
[Out] Integral((c*csc(a + b*x))**(-5/2), x)
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Maxima [F]

/ (cesc(a i‘ bz))5/2 = / (cesc (bjc +a))? “

[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="maxima")

[Out] integrate((cxcsc(b*x + a))~(-5/2), x)

Giac [F]

Njot

/ (cesc(a ‘1*‘ bz))5/2 = / (cesc (bi + a)) “

[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="giac")

[Out] integrate((c*csc(b*x + a))~(-5/2), x)

Mupad [F(-1)]
Timed out.
1

/ (cesc(a }I- bx))5/2 dz = / W dzx

sin(a+bx)

[In] int(1/(c/sin(a + b*x))~(5/2),x%)
[Out] int(1/(c/sin(a + b*x))~(5/2), x)
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3.24 [ - dx

a+bz))7/2
Optimal result . . . . . . . . . . . e 138]
Rubi [A] (verified) . . . . . . .. . 138
Mathematica [A] (verified) . . . . . . . . . ... 140
Maple [C] (verified) . . . . . . . . . 1401
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ...... 1401
Sympy [F] . . o o [T4T]
Maxima [F] . . . . . . o 141
Giac [F] . . [141]

Optimal result

Integrand size = 12, antiderivative size = 105

/ 1 dp — — 2cos(a+bz)  10cos(a+bx)
(cesc(a +bx))7/2 " The(cesc(a+ bx))3/2  21be3 ccsc(a + bx)
N 10+/ccsc(a + bz) EllipticF (1 (a —  + bz) ,2) /sin(a + bz)

21bct

[Out] -2/7*cos(b*x+a)/b/c/(cxcsc(b*x+a))~(5/2)-10/21*cos (b*x+a)/b/c"3/(c*csc(b*xx+
a))~(1/2)-10/21*(sin(1/2*a+1/4%Pi+1/2xb*x)~2)~(1/2) /sin(1/2*a+1/4%Pi+1/2xbx*
x)*EllipticF(cos(1/2*a+1/4*Pi+1/2xbxx) ,27(1/2))*(cxcsc(b*x+a))~(1/2)*sin(b*
x+a)~(1/2)/b/c"4

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 954 Ryles used

' integrand size
= {3854, 3856, 2720}

/ 1 o — 10+/sin(a + bz) EllipticF (}(a+ bz — Z),2) \/ccsc(a + bx)
(cesc(a + bx))7/2 9 1bct
_ 10cos(a+bz)  2cos(a+bz)
21bc3\/cesc(a+ bx)  Tbe(cesc(a + bx))>/2

[In] Int[(c*Cscla + b*x])~(-7/2),x]

[Out] (-2*Cos[a + b*x])/(7*bxc*(cxCsc[a + bxx])~(5/2)) - (10xCos[a + bxx])/(21%bx
c~3*xSqrt[cxCsc[a + b*x]]) + (10*Sqrt[c*Cscla + b*x]]*EllipticF[(a - Pi/2 +
b*x)/2, 2]1*Sqrt([Sin[a + b*x]])/(21%b*c~4)
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Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])~(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b"2%n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
5[ —r L rdx
integral = — 2 cos(a + bx) J (cosc(atba))?/
Tbe(ccsc(a + bx))%/2 7c?
__ 2cos(a+bz)  10cos(a+ bx) N 5 [ y/cesc(a + bz) dz
Tbe(cesc(a+bx))5/2  21be3\/cosc(a + bx) 21ct
2 cos(a + bx) 10 cos(a + bx)

~ The(cesc(a + bx))?2  21bc3y/cesc(a + bx)
. 1
. <5\/c csc(a + bz)/sin(a + bx)) i T dz
21ct
__ 2cos(a+bz)  10cos(a+ bx)
Tbc(cesc(a +bz))5/2  21be3y/cesc(a + be)

10+/ccsc(a + bz) EllipticF (3 (a — 5 + bz) ,2) \/sin(a + bz)
* 21bch
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Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.67

| oy
(cese(a + bx))7/2 T
ccsc(a + bx) <40 EllipticF (}(—2a + 7 — 2bz),2) /sin(a + bz) + 26 sin(2(a + bz)) — 3sin(4(a + bw)))
84bct

[In] Integrate[(c*Cscl[a + b*x])~(-7/2),x]
[Out] -1/84*(Sqrt[c*Cscla + b*x]]*(40*%EllipticF[(-2*a + Pi - 2x%b*x)/4, 2]*Sqrt[Si

nla + bxx]] + 26*Sin[2x(a + b*x)] - 3*Sin[4*(a + b*x)]))/(bxc™4)
Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.86 (sec) , antiderivative size = 283, normalized size of antiderivative = 2.70

method | result
sin(zb+a)® (51’ v/ —i(i—cot(zb+a)+csc(xb+a)) /i(—i—cot(zb+a)+csc(zb+a)) v/i(csc(zb+a)—cot(zb+a)) EllipticF < v/ —i(i—cot(zb-

default

[In] int(1/(c*csc(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] 1/21/b*sin(b*x+a) "3* (5*xI*(I*(-I-cot (b*x+a)+csc(b*x+a))) ~(1/2)*(I*(csc(b*x+a
)-cot (b*x+a)))~(1/2)*E1llipticF((-I*(I-cot(b*x+a)+csc(b*x+a)))~(1/2),1/2%27(

1/2) ) *(-I*(I-cot (b*x+a)+csc(bxx+a))) ™ (1/2)*cos(b*x+a)+3%27(1/2) *cos (bxx+a)~
3*sin(b*x+a)+5*%I* (I*(-I-cot (b*x+a)+csc(b*x+a)))~(1/2)*(I*(csc(b*x+a)-cot (b*
x+a))) " (1/2)*E1lipticF ((-I*(I-cot (b*x+a)+csc(b*x+a)))~(1/2),1/2*27(1/2))*(-
Ix(I-cot (b*x+a)+csc(b*x+a))) ~(1/2)-8*27(1/2) *cos (b*x+a)*sin(b*x+a))/c~3/(c*
csc(b*xx+a))~(1/2)/(cos(b*x+a)-1) "2/ (1+cos (b*x+a)) ~2x2~(1/2)

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.09 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.93

2 (3 cos (bz + a)® — 8 cos (bz + a)), | sntperay Sin (b + a) — 5i /21 cwelerstrassPlh

1
/ (cesc(a + bx))7/? do=

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="fricas")
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[Out] 1/21%(2%(3*cos(b*x + a)~3 - 8xcos(b*x + a))*sqrt(c/sin(b*x + a))*sin(b*x +
a) - bxIxsqrt(2xI*c)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a
)) + 5*I*sqrt(-2*I*c)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x +

a)))/(bxc™4)

Sympy [F]

/ (cesc(a i‘ bz))™/? = / (cese (a1+ ba:))% &

[In] integrate(1/(c*csc(bxx+a))**(7/2),x)
[Out] Integral((c*csc(a + b*x))**(-7/2), x)
Maxima [F]

/ (cesc(a i bz))™/? = / (ccsc (bi +a))? “

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~(-7/2), x)

Giac [F]

/ (cosc(a i‘ bx))"/? do = / (cesc (bi + a))% o

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="giac")

[Out] integrate((c*csc(b*x + a))~(-7/2), x)

Mupad [F(-1)]

Timed out.
1

/ (cosc(a ; b2 / ﬁ N

sin(a+bzx)

[In] int(1/(c/sin(a + b*x))~(7/2),x%)
[Out] int(1/(c/sin(a + b*x))~(7/2), x)



142

3.25 [ csc3(a + bx) dz

Optimal result . . . . . . . . . . . . e 142]
Rubi [A] (verified) . . . . . . . . . 142
Mathematica [A] (verified) . . . . . . . . . . . .. 143
Maple [F] . . . . . 143]
Fricas [F] . . . . . . o o 144
Sympy [F] . o o 144
Maxima [F] . . . . . o 144
Giac [F] . . o o o 144
Mupad [F(-1)] . . . . 1451

Optimal result

Integrand size = 10, antiderivative size = 51

/cscé1 (a+ bx)dx

3cos(a + bzx) </ csc(a + bz) Hypergeometric2F1 (—3, 3, 2, sin?(a + b))
by/cos?(a + bx)

[Out] -3*cos(b*x+a)*csc(b*x+a)~(1/3)*hypergeom([-1/6, 1/2],[5/6]1,sin(b*x+a)~2)/b/
(cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryles used = {3857,
integrand size
2722}

/csczﬁ1 (a + bx) dx

3cos(a + bzx)+/csc(a + bz) Hypergeometric2F1 (—3, 3, 2, sin?(a + b))
by/cos?(a + bx)

[In] Int[Cscl[a + bxx]~(4/3),x]

[Out] (-3*Cos[a + b*x]*Csc[a + bxx]~(1/3)*Hypergeometric2F1[-1/6, 1/2, 5/6, Sin[a
+ bxx]~2])/(bxSqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
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F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, xl]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)>( - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

1
integral = ¢/csc(a + bx) /sin(a + bx) / ————dx
sins (a + bx)

3cos(a + bzx) </ csc(a + bz) Hypergeometric2F1 (—3, 3, 2, sin?(a + b))

B by/cos?(a + bx)

Mathematica [A] (verified)
Time = 0.10 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.06
/csc§ (a+bz)dz

cos(a + bx) v/ csc(a + bx) (—3 + 2 Hypergeometric2F1 (g, 3, 3, cos?(a + bz)) {/sin*(a + bx))
b

[In] Integrate[Cscla + b*x]~(4/3),x]

[Out] (Cos[a + b*x]*Csc[a + b*x]~(1/3)*(-3 + 2*Hypergeometric2F1[1/6, 1/2, 3/2, C
os[a + bxx]~2]*(Sin[a + b*x]~2)"(1/6)))/b

Maple [F]
/ csc (zb + a)% dx

[In] int(csc(b*x+a)~(4/3),x)
[Out] int(csc(b*x+a)~(4/3),x)
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Fricas [F]
/csc‘31 (a+bx)dz = /csc (bx + a)% dzx

[In] integrate(csc(b*x+a)~(4/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(4/3), x)

Sympy [F]
/cscf?1 (a+bx)dx = /cscf%l (a+ bz) dx

[In] integrate(csc(b*x+a)**(4/3),x)
[Out] Integral(csc(a + b*x)**(4/3), x)

Maxima [F]
/cscg (a + bz)dx = /csc (bz + a)% dx

[In] integrate(csc(b*x+a)~(4/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(4/3), x)

Giac [F]

/cscg(a+bx) dr = /csc (bx—l—a)% dz

[In] integrate(csc(b*x+a)~(4/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(4/3), x)



Mupad [F(-1)]

Timed out.
\ 1 4/3
/CSC3(a + bx)dx = / (—Sin at bx)) dx

[In] int((1/sin(a + b*x))~(4/3),x)
[Out] int((1/sin(a + b*x))~(4/3), x)

145



146

3.26 [ csc3(a + bx) dz

Optimal result . . . . . . . . .. 146
Rubi [A] (verified) . . . . . . .. ... 146
Mathematica [A] (verified) . . . . . . .. ... L 147
Maple [F] . . . . o 147
Fricas [F] . . . . o o o 147
Sympy [F] . . o 148
Maxima [F] . . . . . . 48]
Giac [F] . . . . o o 148
Mupad [F(-1)] . . . oo 148

Optimal result

Integrand size = 10, antiderivative size = 51

_3cos(a + bzr) Hypergeometric2F1 (% 3, L,sin*(a + bx))
a

cscd (a + br) dz =
/ ( ) by/cos?(a + bx) </ csc(a + bx)

[Out] 3*cos(b*x+a)*hypergeom([1/6, 1/2],[7/6],sin(b*x+a)~2)/b/csc(bxx+a)~(1/3)/(c
os (b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ = 0.200, Rules used = {3857,
integrand size
2722}

3, L sin?(a + b))

_ 3cos(a + bx) Hypergeometric2F1 (g, 3,
(a+ b )

by/cos?(a + br) ¢/ csc(

/cscg(a + bx)dx =

[In] Int[Cscl[a + b*x]~(2/3),x]

[Out] (3%Cos[a + b*x]*Hypergeometric2F1[1/6, 1/2, 7/6, Sin[a + bxx]~2])/(b*Sqrt[C
os[a + b*x]"2]*Cscl[a + b*x]~(1/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

1
integral = csc? (a+ bx) sin3 (a+bx) / ——dzx
sin3(a + bx)
_ 3cos(a+ bx) Hypergeometric2F1 (g, 3, 2, sin’(a + bx))

by/cos?(a + bx) {/csc(a + br)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00

/csc?s (a4 b) di = _ cos(a + bz) Hypergeometric2F1 (3,2,2,cos?(a+ bz))
b

by/csc(a + bx)/sin?(a + bx)

[In] Integratel[Cscla + bxx]~(2/3),x]

[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a + b*x]~2])/(bxCsc[a
+ bxx]~(1/3)*(Sin[a + b*x]~2)7(1/6)))

Maple [F]
/csc (xb+ a)% dx

[In] int(csc(b*x+a)~(2/3),x)
[Out] int(csc(b*xx+a)~(2/3),x)

Fricas [F|
/csc§ (a+bx)dz = /csc (bx + a)g dzx

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(2/3), x)



Sympy [F]

/csc?% (a+bz)dz = /cscg (a+ bx)dx

[In] integrate(csc(b*x+a)**(2/3),x)
[Out] Integral(csc(a + b*x)**x(2/3), x)

Maxima [F]
/csc§ (a+bzx)dx = /csc (bx + a)g dx

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(2/3), x)

Giac [F]
/cscg (a + bz)dx = /csc (bz + a)g dx

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(2/3), x)

Mupad [F(-1)]

Timed out.

2 1 2/3
/CSC3(a+b$)dl':/(m) dx

[In] int((1/sin(a + b*x))~(2/3),x)
[Out] int((1/sin(a + b*xx))~(2/3), x)
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3.27 [ ¥/csc(a + bx) dz

Optimal result . . . . . . . . . . . 149]
Rubi [A] (verified) . . . .. . ... . 149
Mathematica [A] (verified) . . . . . . . . ... Lo 150
Maple [F] . . . . 150
Fricas [F] . . . . . o o 150
Sympy [F] .« o o 151]
Maxima [F] . . . . . . 1511
Giac [F] . . . o o o 1511
Mupad [F(-1)] . . . oo 1511

Optimal result

Integrand size = 10, antiderivative size = 53

/ ¥/esola + bz) do = 3cos(a + bz) Hypergeometric2F1 (3, 1, % sin(a + b))
(a+

2by/cos?(a + bx) csc%

[Out] 3/2*cos(b*x+a)*hypergeom([1/3, 1/2],[4/3],sin(b*x+a)~2)/b/csc(b*x+a)~(2/3)/
(cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number

_ number of rules _
of steps used = 2, number of rules used = 2, integrand size = 0.200, Rules used = {3857,
2722}

3 cos(a + br) Hypergeometric2F1 (1,1 2 sin%(a + bz
/\/csc(a+bx )dz = ) Hyperg (3 1313 ( ))
(a+

2by/cos?(a + bx) csc%

[In] Int[Cscl[a + b*xx]~(1/3),x]

[Out] (3%Cos[a + bx*x]*Hypergeometric2F1[1/3, 1/2, 4/3, Sin[a + b*x]~2])/(2*%b*Sqrt
[Cos[a + b*x]~2]*Csc[a + b*x]~(2/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

1
integral = {/csc(a + bx){/sin(a + bx) / ——dx
v/sin(a + bx)
_ 3cos(a + bx) Hypergeometric2F1 (3, 3, 3,sin’(a + b))

2by/cos?(a + bx) cscs (a + b)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.96

cos(a + bz) Hypergeometric2F1 (3, 2, 3, cos?(a + bz))

[ Vescla+ ba)do = -

beses (a + bz) ¢/sin(a + bz)

[In] Integrate[Cscl[a + b*x]~(1/3),x]

[Out] -((Cos[a + bx*x]*Hypergeometric2F1[1/2, 2/3, 3/2, Cos[a + b*x]~2])/(b*Cscla
+ bxx]~(2/3)*(Sin[a + b*x]~2)~(1/3)))

Maple [F]

/csc (zb+ a)% dx

[In] int(csc(b*x+a)~(1/3),x)
[Out] int(csc(b*x+a)~(1/3),x)

Fricas [F]

/ v/ese(a + bx) dr = /csc (bx + a)% dx

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="fricas")

[Out] integral(csc(b*x + a)~(1/3), x)



Sympy [F]

[ Vesclarbaydo = [ Yoselat ba) do

[In] integrate(csc(b*x+a)**(1/3),x)
[Out] Integral(csc(a + b*x)**(1/3), x)

Maxima [F]

/ vesc(a + bz) de = /csc (bx + a)% dx

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(1/3), x)

Giac [F]
/{’/Mdm = /csc(bx+a)f1" dz

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(1/3), x)

Mupad [F(-1)]

Timed out.

/V@G“@“=/(5@%aﬁw“

[In] int((1/sin(a + b*x))~(1/3),x)
[Out] int((1/sin(a + b*xx))~(1/3), x)
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3.28 [— da
3/csc(a + bx)

Optimal result . . . . . . . . . . . e 152
Rubi [A] (verified) . . . . . . . . . 1521
Mathematica [A] (verified) . . . . . . . . ... L 153
Maple [F] . . . . e 153
Fricas [F] . . . . . o o 153
Sympy [F] . o o 154
Maxima [F] . . . . . . 154
Giac [F] . . . o o o 154
Mupad [F(-1)] . . . o o 154

Optimal result

Integrand size = 10, antiderivative size = 53

g sin’(a + bz))

3 cos(a + bz) Hypergeometric2F1 (3,
(a

/ \/csc(a + bx 4b+/cos?(a + bz) csc (

[Out] 3/4*cos(b*x+a)*hypergeom([1/2, 2/3],[5/3],sin(b*x+a)~2)/b/csc(b*x+a)~(4/3)/
(cos(b*x+a)~2)~(1/2)

2
) 3)
+b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryles used = {3857,
integrand size
2722}

g n?(a + bx))

3 cos(a + bz) Hypergeometric2F1 (3,
(a

/ \/csc(a + bx 4b/cos?(a + bx) csc (

[In] Int[Csc[a + b*x]~(-1/3),x]

[Out] (3*Cos[a + bxx]*Hypergeometric2F1[1/2, 2/3, 5/3, Sinl[a + b*x]~2])/(4*b*Sqrt
[Cos[a + b*x]~2]*Csc[a + bxx]~(4/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

2
'3
+b
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !'IntegerQ[n]

Rubi steps

integral = csc’ (a + bz) sin’ (a + bx) / v/sin(a + bx) dx

_3cos(a + br) Hypergeometric2F1 (2, 2,3, sin’(a + bx))

4b,/cos?(a + bx) cscs (a + bx)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.96

_ cos(a + bx) Hypergeometric2F1 (3, 3, 5, cos?(a + b))

/ S 53
v ese(a + bx) bescs (a + bz) sin?(a + bx)?/3

[In] Integrate[Csc[a + b*x]~(-1/3),x]
[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/3, 1/2, 3/2, Cos[a + b*x]~2])/(b*Csc[a

+ bxx]~(4/3)*(Sin[a + b*x]~2)~(2/3)))
Maple [F]
/ — 1
csc (zb+ a)3

[In] int(1/csc(b*xx+a)~(1/3),x)
[Out] int(1/csc(b*x+a)~(1/3),x)

Fricas [F]

dx

/ dac—/ -
v ese(a + bx) csc (bxr + a)3

[In] integrate(1/csc(b*x+a)~(1/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(-1/3), x)
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Sympy [F]

el e

[In] integrate(1/csc(b*x+a)**(1/3),x)
[Out] Integral(csc(a + bxx)**(-1/3), x)

Maxima [F|

—dz

1 1
B S . / :
/ v ese(a + bx) csc (bxr + a)3

[In] integrate(1/csc(b*x+a)~(1/3),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-1/3), x)
Giac [F]

1
— = dz

/mdacz/csc(bx—i-a)é

[In] integrate(1/csc(b*x+a)~(1/3),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(-1/3), x)

Mupad [F(-1)]
Timed out.
1

1
- - o dz=f -
/\3/csc(a+bw) ’ /( 1 )1/3
sin(a+bz)

dz

[In] int(1/(1/sin(a + b*x))~(1/3),x)
[Out] int(1/(1/sin(a + b*x))~(1/3), x)
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3.29 [—+—dx

2
csc3 (a+bx)
Optimal result . . . . . . . . . . . e 155]
Rubi [A] (verified) . . . . . . . . . 155
Mathematica [A] (verified) . . . . . . . . . ... 156
Maple [F] . . . . . 1561
Fricas [F] . . . . . . o 156
Sympy [F] . . o o 157
Maxima [F] . . . . . . o 157
Giac [F] . . 157
Mupad [F(-1)] . . . o 157

Optimal result

Integrand size = 10, antiderivative size = 53

%, %,sin2(a + bx))

+ bx)

/ 1 p 3cos(a + bz) Hypergeometric2F1 (3,
—_——axr =
csci (a + be) 5by/cos?(a + bx) cscs (a

[Out] 3/5%cos(b*x+a)*hypergeom([1/2, 5/6],[11/6],sin(b*x+a)~2)/b/csc(b*x+a)~(5/3)
/ (cos (bxx+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.200, Rules used = {3857,

2722}
/ 1 p 3cos(a + bz) Hypergeometric2F1 (3, 2, 4, sin?(a + b))
— — dx =
csci (a + bz) 5by/cos?(a + bx) cscs (a + bx)

[In] Int[Cscl[a + bxx]~(-2/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/2, 5/6, 11/6, Sin[a + bxx]~2])/(5xb*Sqr
t[Cos[a + b*x]~2]*Cscl[a + bxx]~(5/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (o + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2+*n]
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !'IntegerQ[n]

Rubi steps

integral = {/csc(a + bx){/sin(a + bx) /sing (a + bx) dz

_ 3cos(a + bx) Hypergeometric2F1 (3, 2, %, sin®(a + bx))

5by/cos?(a + bx) cscs (a + bz)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.96

1
dr = . &
a+ br) bescs (a + br) sin?(a + bx)5/6

/ 1 cos(a + br) Hypergeometric2F1 (3, 1, 2, cos?(a + bz))
cscs (

[In] Integratel[Cscl[a + bxx]~(-2/3),x]

[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/6, 1/2, 3/2, Cos[a + b*x]~2])/(bxCsc[a
+ b*x]~(5/3)*(Sin[a + b*x]~2)~(5/6)))

Maple [F]

[
csc (zb+ a)3

[In] int(1/csc(b*x+a)~(2/3),x)
[Out] int(1/csc(b*x+a)~(2/3),x)

Fricas [F]

/ S S / S S,
cscs (a + be) csc (br + a)3

[In] integrate(1/csc(b*x+a)~(2/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(-2/3), x)
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Sympy [F]

1 1
[t [
csc3(a + bx) csc3 (a + bx)

[In] integrate(1/csc(b*x+a)**(2/3),x)
[Out] Integral(csc(a + bxx)**(-2/3), x)

Maxima [F]

1 1
/ b = / S S
csc3(a + bx) csc (bz + a)?

[In] integrate(1/csc(b*x+a)”(2/3),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-2/3), x)

Giac [F]

/ b = / S .
cscs (a + be) csc (br + a)3

[In] integrate(1/csc(b*x+a)~(2/3),x, algorithm="giac")

[Out] integrate(csc(b*x + a)~(-2/3), x)

Mupad [F(-1)]

Timed out.

1 1
csci (a + bx) ( 1 )

sin(a+bx)

[In] int(1/(1/sin(a + b*x))~(2/3),x)
[Out] int(1/(1/sin(a + b*x))~(2/3), x)
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3.30 [—+—dx

4
csc3 (a+bx)
Optimal result . . . . . . . . . . . e 158]
Rubi [A] (verified) . . . . . . . . .. 158
Mathematica [A] (verified) . . . . . . . . . .. . 159
Maple [F] . . . . 1591
Fricas [F] . . . . . . o 160
Sympy [F] . . o 160
Maxima [F] . . . . . . 160
Giac [F] . . . o o e 160
Mupad [F(-1)] . . . o 161]

Optimal result

Integrand size = 10, antiderivative size = 53

/ v de = 3cos(a + bz) Hypergeometric2F1 (3, I, 33 sin?(a + bz))
csci (a + br) Tb/cos?(a + bx) cscs (a + bx)

[Out] 3/7*cos(b*x+a)*hypergeom([1/2, 7/6],[13/6],sin(b*x+a)~2)/b/csc(b*x+a)~(7/3)
/ (cos (bxx+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.200, Rules used = {3857,

2722}
/ 1 p 3cos(a + bz) Hypergeometric2F1 (3, I, 33 sin?(a + bz))
e — x fr—
cscs (a + bx) 7b/cos?(a + bx) csc (a + bx)

[In] Int[Cscl[a + bxx]~(-4/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/2, 7/6, 13/6, Sin[a + bxx]~2])/(7xb*Sqr
t[Cos[a + b*x]~2]*Cscl[a + bxx]~(7/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((

b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2

F1[1/2, (n + 1)/2, (n + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2+*n]
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !'IntegerQ[n]

Rubi steps

integral = csc’ (a + bz) sin’ (a + bx) /sin§ (a + bx) dz

_ 3cos(a + bx) Hypergeometric2F1 (3, £, %2, sin’(a + bx))

7b/cos?(a + bx) cscs (a + bz)

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.28

/ 1

—————dz

cscs (a + bx)

cos(a + bx) (HypergeometricZFl (3,2,2,cos?(a+ bz)) + 3{/sin*(a + bx))
4b+y/csc(a + bx) ¢/sin%(a + bx)

[In] Integrate[Csc[a + b*x]~(-4/3),x]
[Out] -1/4%(Cos[a + b*x]*(Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a + b*x]~2] + 3*(S

infa + b*x]~2)~(1/6)))/(bxCsc[a + b*x]~(1/3)*(Sin[a + b*x]~2)~(1/6))
Maple [F]
/ S S
csc (zb+ a)3

[In] int(1/csc(b*x+a)”~(4/3),x)
[Out] int(1/csc(b*x+a)~(4/3),x)
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Fricas [F]

1 1
——de= | ————— dz
csc3 (a + br) csc (br + a)?

[In] integrate(1/csc(b*xx+a)~(4/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(-4/3), x)

Sympy [F]

1 1
[ do= [
cscs (a + bx) cscs (a + bx)

[In] integrate(1/csc(b*x+a)**(4/3),x)
[Out] Integral(csc(a + b*x)#**(-4/3), x)

Maxima [F]

/ S S / S .
cscs (a + be) csc (br + a)3?

[In] integrate(1/csc(b*x+a)~(4/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(-4/3), x)

Giac [F]

1 1
/ S N M- / B S
cscs(a + bx) csc (bz + a)?

[In] integrate(1/csc(b*x+a)~(4/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-4/3), x)
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Mupad [F(-1)]

Timed out.

cscs (a + bx) ( 1 >/

sin(a+bz)

[In] int(1/(1/sin(a + b*x))~(4/3),x)
[Out] int(1/(1/sin(a + b*x))~(4/3), x)
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3.31 [(cesc(a + bx))*3 da

Optimal result . . . . . . . . . . 162l
Rubi [A] (verified) . . . .. . ... .. 162
Mathematica [A] (verified) . . . . . . . . ... L 163
Maple [F] . . . . 163
Fricas [F] . . . . o o o 164
Sympy [F] . . o o 164
Maxima [F] . . . . . . o 164
Giac [F] . . . o o o 164
Mupad [F(-1)] . . . oo 165

Optimal result

Integrand size = 12, antiderivative size = 54

/(c csc(a + bx))*3 dx =

3ccos(a + bx) v/ cesc(a + ba) Hypergeometric2F1 (—, 3, 2, sin?(a + b))
by/cos?(a + bx)

[Out] -3*c*cos(b*x+a)*(c*kcsc(b*x+a))”(1/3)*hypergeom([-1/6, 1/2],[5/6],sin(b*x+a)
~2)/b/(cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Iﬁ%ﬁ%ﬁ;ﬁé I;Iilzlgs = 0.167, Rules used = {3857,
2722}

/(c csc(a + b)) dx =

3ccos(a + bz) v/ cesc(a + bz) Hypergeometric2F1 (2, 3, 2, sin?(a + bz))
by/cos?(a + bx)

[In] Int[(c*Cscl[a + b*x])~(4/3),x]

[Out] (-3*c*Cos[a + bx*x]*(c*Cscl[a + b*x])~(1/3)*Hypergeometric2F1[-1/6, 1/2, 5/6,
Sin[a + b*x]~2])/(b*Sqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
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F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, xl]
&& !'IntegerQ[2+n]

Rule 3857
Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]

)>( - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

i 1
integral = {/ccsc(a + bz) 1/ sin(a + be) / 173 d
C (sin(a+bw)) /

3ccos(a + bz) v/ cesc(a + bz) Hypergeometric2F1 (—, 3, 2, sin?(a + b))
B by/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

/ (cesc(a

ccos(a + bxr)+/cesc(a + br) (—3 + 2 Hypergeometric2F1 (g, 3, 3, cos?(a + bz)) {/sin*(a + b
+b2))¥/3 dx =

b

[In] Integrate[(cxCscla + bxx])~(4/3),x]

[Out] (cxCos[a + bxx]*(c*Csc[a + b*x])~(1/3)*(-3 + 2xHypergeometric2F1[1/6, 1/2,
3/2, Cosl[a + bxx]~2]*(Sin[a + b*x]~2)~(1/6)))/b

Maple [F]
/ (cesc (zb+ a))g dx

[In] int((c*csc(b*x+a))~(4/3),x)
[Out] int((c*csc(b*x+a))~(4/3),x)
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Fricas [F]
/(ccsc(a +bz))2 dx = / (cesc (bz + a))3 dx

[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(1/3)*c*csc(b*x + a), x)

Sympy [F]
/(ccsc(a + bz))¥ da = / (cese(a+ bx))g dz

[In] integrate((c*csc(b*x+a))**(4/3),x)
[Out] Integral((c*csc(a + b*x))*x(4/3), x)

Maxima [F]
/(c csc(a + bx))*3 dx = / (ccese (bx + a))% dx

[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(4/3), x)

Giac [F]

/(ccsc(a + bx))Y3 de = / (cesc (bx + a))% dx

[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(4/3), x)



Mupad [F(-1)]

Timed out.
/ c 4/3
4/3 5 _
/(ccsc(a+bx)) dw_/(sin(a-l—bx)) dx

[In] int((c/sin(a + b*x))~(4/3),x)
[Out] int((c/sin(a + b*x))~(4/3), x)

165
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3.32 [(cesc(a + bx))?/3 da

Optimal result . . . . . . . . . . . . e 166]
Rubi [A] (verified) . . . . . . . . . 166
Mathematica [A] (verified) . . . . . . . . . ... 167
Maple [F] . . . . . 167l
Fricas [F] . . . . . . 168
Sympy [F] . . o 168
Maxima [F] . . . . . . 168
Giac [F] . . . o o e 168
Mupad [F(-1)] . . . . o 1691

Optimal result

Integrand size = 12, antiderivative size = 54

_ 3ccos(a + bz) Hypergeometric2F1 (§, 5, &,sin’(a + bz))

by/cos?(a + bx){/ccsc(a + bx)

/(c csc(a + bx))? dz

[Out] 3*c*cos(b*x+a)*hypergeom([1/6, 1/2],[7/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))” (1
/3)/ (cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.167, Rules used = {3857,
integrand size

2722}
/(c esela+ be))* d = 3ccos(a + bx) Hypergeometric2F1 (3, 3, £, sin?(a + bz))
by/cos?(a + bx) </ ccsc(a + b)

[In] Int[(c*Cscla + b*xx])~(2/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/6, 1/2, 7/6, Sin[a + b*x]~2])/(b*Sqrt
[Cos[a + b*x]~2]*(c*Csc[a + b*xx])~(1/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((

b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
Fi[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

. b\ 2/3 1
integral = (ccsc(a + bav))Q/3 (M) / 2/3 dz
C (sin(a-l—bz))

_ 3cos(a + bz)(cesc(a + bx))*® Hypergeometric2F1 (g, 5, £, sin’(a + bx)) sin(a + bzx)

B by/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.09

/(c csc(a + bx))¥ 3 da =
cos(a + bz)(cesc(a + bx))?/® Hypergeometric2F1 (1, 2,2 cos?(a + bx)) sin(a + bx)

by/sin%(a + bx)

[In] Integrate[(c*Cscl[a + b*x])~(2/3),x]

[Out] -((Cos[a + b*x]*(c*Csc[a + bxx])~(2/3)*Hypergeometric2F1[1/2, 5/6, 3/2, Cos
[a + bxx]"2]*Sin[a + bx*x])/(bx(Sin[a + b*x]~2)7(1/6)))

Maple [F]
/ (cesc (zb+ a))% dz

[In] int((c*csc(b*x+a))~(2/3),x%)
[Out] int((c*csc(b*x+a))~(2/3),x)
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Fricas [F]
/(ccsc(a +bz))? dx = / (cesc (bz + a))3 dx

[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(2/3), x)

Sympy [F]
/(ccsc(a + bz))?P dx = / (cese(a+ bx))% dz

[In] integrate((c*csc(b*x+a))**(2/3),x)
[Out] Integral((c*csc(a + b*x))*x(2/3), x)

Maxima [F]
/(ccsc(a + bz)) P dx = / (ccese (bx + a))g dx

[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(2/3), x)

Giac [F]

/(ccsc(a + b)) 3 de = / (cesc (bx + a))g dx

[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(2/3), x)



Mupad [F(-1)]

Timed out.
/ c 2/3
2/3 3. _
/(ccsc(a+bx)) dw_/(sin(a-l—bx)) dx

[In] int((c/sin(a + b*x))~(2/3),x)
[Out] int((c/sin(a + b*x))~(2/3), x)

169
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3.33 [ &/ccsc(a+ bx) dx

Optimal result . . . . . . . . . . . e 170
Rubi [A] (verified) . . . . . . . . . . 1701
Mathematica [A] (verified) . . . . . . . . ... L Lo Ival
Maple [F] . . . . Ival
Fricas [F] . . . . . o o 172
Sympy [F] . . . 172
Maxima [F] . . . . . . 1721
Giac [F] . . . . o o 172
Mupad [F(-1)] . . . oo 173

Optimal result

Integrand size = 12, antiderivative size = 56

3ccos(a + bx) Hypergeometric2F1 (1, 1, 5, sin?(a + bz))

2b+/cos?(a + bx)(cesc(a + bx))?/3

[Out] 3/2*c*cos(bxx+a)*hypergeom([1/3, 1/2],[4/3],sin(b*x+a)~2)/b/(c*csc(b*x+a))”
(2/3)/(cos(b*x+a)~2)~(1/2)

[ Vewcla+ i) de -

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 167 Ryjles used = {3857,
integrand size

2722}
/ 3 (a+bz)d 3ccos(a + bzr) Hypergeometric2F1 (%, %, %, sin?(a + bx))
cesc(a + bx) dr =
2b+/cos?(a + bx)(ccsc(a + bx))?/3

[In] Int[(c*Cscla + b*x])~(1/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/3, 1/2, 4/3, Sinl[a + b*x]~2])/(2%b*Sq
rt[Cos[a + b*x]~2]*(c*Csc[a + b*x])~(2/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
Fi[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

integral = ¢/ccsc(a + bx) 4 sin(a + bz) / 1 s
‘ \/@
Cc

3cos(a + bx)/ccsc(a + br) Hypergeometric2F1 (%, 1, 4 sin%(a + bx)) sin(a + bz
— 32213

2b\/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.05

[ Vewcla+ b do

cos(a + bx)/ccsc(a + bxr) Hypergeometric2F1 (1, 2, 3 cos?(a + b)) sin(a + bx
_ 2732

by/sin?(a + bx)

[In] Integrate[(c*Cscl[a + b*x])~(1/3),x]

[Out] -((Cos[a + b*x]*(cxCsc[a + bx*x])~(1/3)*Hypergeometric2F1[1/2, 2/3, 3/2, Cos
[a + bxx]~2]*Sin[a + bxx])/(bx(Sin[a + b*x]~2)7(1/3)))

Maple [F]
/ (cesc (zb+ a))% dz

[In] int((c*csc(b*x+a))~(1/3),x)
[Out] int((c*csc(b*x+a))~(1/3),x)
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Fricas [F]

/S’/ccsc(a—+lmc)da:=/(ccsc(bx+a))é I

[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(1/3), x)

Sympy [F]
/ ¢/cesc(a + bw) da / {/cesc(a+ bx) do

[In] integrate((c*csc(b*x+a))**(1/3),x)
[Out] Integral((c*csc(a + b*x))*x(1/3), x)

Maxima [F]
/ veese(a+ bx) dr = / (cesc (bx + a))% dx

[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(1/3), x)

Giac [F]

/mdQU:/(ccsc(bx—l-a))é dr

[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(1/3), x)



Mupad [F(-1)]

Timed out.

foewrime | (aim)

sin(a+ bz

[In] int((c/sin(a + b*x))~(1/3),x)
[Out] int((c/sin(a + b*x))~(1/3), x)

173
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3.34 /= - dz
3/ccsc(a + br)

Optimal result . . . . . . . . . . e 174
Rubi [A] (verified) . . . . . . . . . 174
Mathematica [A] (verified) . . . . . . . . ... L 175
Maple [F] . . . . e 175
Fricas [F] . . . . . o o 175
Sympy [F] . . o o 176
Maxima [F] . . . . . . 1761
Giac [F] . . . . o o 176
Mupad [F(-1)] . . . oo 176

Optimal result

Integrand size = 12, antiderivative size = 56

/ 1 p 3ccos(a + bz) Hypergeometric2F1 (1, %, 2, sin*(a + bz))
T =
v cese(a + bx) 4b+/cos?(a + bz)(ccsc(a + bx))*/3

[Out] 3/4*c*cos(bxx+a)*hypergeom([1/2, 2/3],[5/3],sin(b*x+a)~2)/b/(c*csc(b*x+a))”
(4/3)/(cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 167 , Rules used = {3857,
integrand size
2722}

_ 3ccos(a + bz) Hypergeometric2F1 (3, 3, 2, sin’(a + bz))

1
dz
/ v cese(a + bx) 4by/cos?(a + bx)(ccsc(a + bx))4/3

[In] Int[(c*Cscla + b*x])~(-1/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 2/3, 5/3, Sinl[a + b*x]~2])/(4%b*Sq
rt[Cos[a + b*x]~2]*(c*Cscl[a + b*x])~(4/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]1~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !'IntegerQ[n]

Rubi steps

integral = (CCSC(CL + bl‘))2/3 (Sln a+ bl‘ ) / W

_3 cos(a + bz)(cesc(a + bz))*? Hypergeometric2F1 (3, 2, 2, sin?(a + bz)) sin®(a + bz)

13135
4bc+/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.05

_ cos(a + bz) Hypergeometric2F1 (3, 1, 3, cos®(a + b)) sin(a + bz)
sin

1
T =
/ veese(a+ bx) by/ccesc(a + bx) sin(a + bx)2/3

[In] Integrate[(c*Cscl[a + b*x])~(-1/3),x]

[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/3, 1/2, 3/2, Cos[a + b*x]~2]*Sin[a + bx*
x])/(bx(cxCscl[a + b*x])~(1/3)*(Sin[a + b*x]~2)~(2/3)))

Maple [F]

ol

/(ccsc(xlb-l—a)) *

[In] int(1/(c*csc(b*x+a))~(1/3),x)
[Out] int(1/(c*csc(b*x+a))~(1/3),x)

Fricas [F|

dz

/ mdx B / (cesc (balv + a))%

[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(2/3)/(c*csc(b*x + a)), x)
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Sympy [F]

1 1
/ dr = / dz
v cese(a + br) veesc (a+ bx)

[In] integrate(1/(c*csc(b*x+a))**(1/3),x)
[Out] Integral((c*csc(a + b*x))*x(-1/3), x)

Maxima [F|

dz

/ mdw B / (cesc (bi + a))%

[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="maxima")

[Out] integrate((cxcsc(b*x + a))~(-1/3), x)
Giac [F]

dz

/ f’/(:csc(la——i-bx)dx N / (cesc (bi + a))%

[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="giac")

[Out] integrate((c*csc(b*x + a))~(-1/3), x)

Mupad [F(-1)]
Timed out.
1

1
3 dz = 1/3
v cesc(a + bx) ( c >
sin(a+bzx)

dz

[In] int(1/(c/sin(a + b*x))~(1/3),x)
[Out] int(1/(c/sin(a + b*x))~(1/3), x)
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3.35 J et h dx

a+bz))2/3
Optimal result . . . . . . . . . . e N rdrd
Rubi [A] (verified) . . . . . . . . I
Mathematica [A] (verified) . . . . . . . . . ... 178
Maple [F] . . . . o 178
Fricas [F] . . . . . . 178
Sympy [F] . . . o 179
Maxima [F] . . . . . . 179
Giac [F] . . . o o 179
Mupad [F(-1)] . . .« 179

Optimal result

Integrand size = 12, antiderivative size = 56

/ 1 p 3ccos(a + bx) Hypergeometric2F1 (1, 2, &, sin?(a + bz))
T =
(cesc(a + bx))?/3 5b+/cos?(a + br)(ccsc(a + br))5/3

[Out] 3/5%c*cos(b*x+a)*hypergeom([1/2, 5/6],[11/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))
~(5/3)/(cos (b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 167 Ryjles used = {3857,
integrand size

2722}
/ 1 3ccos(a + bx) Hypergeometric2F1 (1, 3, & sin®(a + bz))
Tr =
(cesc(a + bx))?/3 5by/cos?(a + bx)(ccsc(a + bx))5/3

[In] Int[(c*Cscla + b*x])~(-2/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 5/6, 11/6, Sin[a + bxx]~2])/(5xb*S
qrt[Cos[a + b*x]"2]*(cxCsc[a + b*x])~(5/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((

b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2

F1[1/2, (n + 1)/2, (o + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2+*n]
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !'IntegerQ[n]

Rubi steps

i ; 2/3
integral = §/ccsc(a + bx) | Sln(ac+ bz) / (Sln(ac+ bx)) e

3cos (a + bz)+/ccesc(a + bx) Hypergeometric2F1 (1, 2, &, sin?(a + bz)) sin’(a + bz)

5bcy/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.05

/ i — cos(a + bz) Hypergeometric2F1 (3, 1, 3, cos?(a + bz)) sin(a + bz)
(cesce(a + bx))?/3 b(ccsc(a + bx))2/3 sin?(a + bx)5/6

[In] Integrate[(c*Cscl[a + b*x])~(-2/3),x]

[Out] -((Cos[a + bx*x]*Hypergeometric2F1[1/6, 1/2, 3/2, Cos[a + b*x]~2]*Sin[a + bx
x])/(bx(c*Cscla + b*x])~(2/3)*(Sin[a + b*x]~2)~(5/6)))

Maple [F]

/ (ccese (zlb + a))% &

[In] int(1/(c*csc(b*x+a))~(2/3),x%)
[Out] int(1/(c*csc(b*x+a))~(2/3),x)

Fricas [F]

/ (cesc(a i‘ bz))*/3 = / (cesc (balv +a))s “

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(1/3)/(c*csc(b*x + a)), x)
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Sympy [F]

/ (cesc(a i‘ bz))*/ = / (cesc (a1+ br))s “

[In] integrate(1/(cxcsc(b*xx+a))**(2/3),x)
[Out] Integral((c*csc(a + b*x))*x(-2/3), x)

Maxima [F]

Wl

/ (cesc(a ‘1*‘ bz))?/3 = / (cesc (bi + a)) “

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~(-2/3), x)

Giac [F]

/ (ccscla i be))*/? s / (cesc (bjc +a))? de

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="giac")

[Out] integrate((cxcsc(b*x + a))~(-2/3), x)

Mupad [F(-1)]
Timed out.
1

| o vt/ (i) N

sin(a+bx)

[In] int(1/(c/sin(a + b*x))~(2/3),x%)
[Out] int(1/(c/sin(a + b*x))~(2/3), x)
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3.36 J e h dx

a+bx))4/3
Optimal result . . . . . . . . . . . . e e IR0
Rubi [A] (verified) . . . . . . . . . 1801
Mathematica [A] (verified) . . . . . . . . . .. L 181
Maple [F] . . . . o 181
Fricas [F] . . . . . . 182
Sympy [F] . . . o 182
Maxima [F] . . . . . . 182
Giac [F] . . . o o 182
Mupad [F(-1)] . . . 183

Optimal result

Integrand size = 12, antiderivative size = 56

/ 1 p 3ccos(a + bx) Hypergeometric2F1 (1, 7, 32, sin?(a + bz))
T =
(cesc(a + bx))4/3 7b\/cos?(a + bx)(ccsc(a + bx))7/3

[Out] 3/7*c*cos(b*x+a)*hypergeom([1/2, 7/6],[13/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))
~(7/3)/(cos (b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 167 Ryjles used = {3857,
integrand size

2722}
/ 1 3ccos(a + bz) Hypergeometric2F1 (1, 2, 22 sin®(a + bz))
Tr =
(cesc(a + bx))*/3 7by/cos?(a + bx)(ccsc(a + bx))7/3

[In] Int[(c*Cscl[a + b*x])~(-4/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 7/6, 13/6, Sin[a + bxx]~2])/(7xb*S
qrt[Cos[a + b*x]~2]*(cxCscla + bxx])~(7/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((

b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2

F1[1/2, (n + 1)/2, (n + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2*n]
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Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !'IntegerQ[n]

Rubi steps

: 2/3 . 4/3
integral = (ccsc(a + bx))¥/? <M> / (sm(a + bx)) dz

C C

_ 3cos(a+ bx)(cesc(a + bx))*® Hypergeometric2F1 (3, 7, 2, sin(a + b)) sin®(a + bz)
7bc?\/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.36

1
/ (cese(a + bx))Y/3 dz =

_csc*(a + bx) (2 cot(a + bz) Hypergeometric2F1 (1,3, 2, cos?(a + bz)) sin®(a + bz)>/® + 3sin(2(a + bz)))

8b(ccsc(a + bx))*/3

[In] Integratel[(c*Cscl[a + b*x])~(-4/3),x]

[Out] -1/8%(Cscl[a + b*x]~2x(2*Cot[a + b*x]*Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a
+ b*x] 2] *(Sin[a + b*x]~2)~(5/6) + 3*Sin[2*(a + b*x)]))/(b*x(c*Csc[a + b*x]
)~(4/3))

Maple [F|

/ (cese (a:lb +a))3 a0

[In] int(1/(c*csc(b*xx+a))~(4/3),x)
[Out] int(1/(c*csc(b*x+a))~(4/3),x)
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Fricas [F|

/ (cesc(a i‘ bz))*/3 = / (cesc (bjc +a))s “

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="fricas")
[Out] integral((cxcsc(b*x + a))~(2/3)/(c"2xcsc(b*x + a)~2), x)

Sympy [F]

I

/ (cesc(a ‘1*‘ bz))*/3 = / (cesc (al-l— b)) “

[In] integrate(1/(c*csc(b*x+a))**(4/3),x)
[Out] Integral((c*csc(a + b*x))**(-4/3), x)

Maxima [F]

/ (ccscla i be))*? s / (cesc (bjc +a))? de

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(-4/3), x)

Giac [F]

/ (cesc(a i bz))*/? = / (cesc (bj: +a))s “

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(-4/3), x)
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Mupad [F(-1)]

Timed out.
1

/ (cese(a : b)) / W N

sin(a+bzx)

[In] int(1/(c/sin(a + b*x))~(4/3),x)
[Out] int(1/(c/sin(a + b*x))~(4/3), x)



184

3.37 [ csc™(a + bx) dx

Optimal result . . . . . . . . . . e 184
Rubi [A] (verified) . . . . . . . . 184
Mathematica [A] (verified) . . . . . . ... ... L o 185
Maple [F] . . . . 185
Fricas [F] . . . . . o 186
Sympy [F] . . o 186
Maxima [F] . . . . . . 186
Giac [F] . . . o o
Mupad [F(-1)] . . . oo 187

Optimal result

Integrand size = 8, antiderivative size = 69

/ csc”(a + br) dx
_cos(a + bx) csc 1" (a + bx) Hypergeometric2F1 (3, 15, 357, sin’(a + bz))
b(1 — n)+/cos?(a + bx)

[Out] cos(b*x+a)*csc(b*x+a)” (-1+n)*hypergeom([1/2, 1/2-1/2%n], [3/2-1/2*n],sin(b*x
+a)~2)/b/(1-n)/(cos(b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, rﬁ%ﬂ%‘;gﬁé lgilzlgs = 0.250, Rules used = {3857,
2722}

/ csc”(a + bx) dz

_ cos(a + bx) csc™ ' (a + bx) Hypergeometric2F1 (3, 157, 257, sin®(a + bx))
B b(1 — n)+/cos?(a + bx)

[In] Int[Cscl[a + b*x] n,x]

[Out] (Cos[a + b*x]*Csc[a + b*x]~ (-1 + n)*Hypergeometric2F1[1/2, (1 - n)/2, (3 -
n)/2, Sin[a + b*x]~2])/(b*(1 - n)*Sqrt[Cos[a + bxx]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
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F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, xl]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)>( - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

integral = csc™(a + bx) sin"(a + bx) / sin™"(a + bx) dz

_ cos(a+ bx) csc*"(a 4 bx) Hypergeometric2F1 (3, 157, 357, sin*(a + bx))
b(1 — n)y/cos?(a + bx)

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.86

/Csc" (a+ bx)dx =

cos(a + bx) csc™1+"(a + bz) Hypergeometric2F1 (3, 122 2 cos?(a + bz)) sin®(a + bx)2 -1+
b

[In] Integrate[Csc[a + b*x] n,x]

[Out] -((Cos[a + b*x]*Csc[a + b*x]~ (-1 + n)*Hypergeometric2F1[1/2, (1 + n)/2, 3/2
» Cos[a + bxx]~2]*(Sin[a + b*x]~2)7((-1 + n)/2))/b)

Maple [F]

/ csc(zb+ a)" dzx

[In] int(csc(b*x+a) n,x)

[Out] int(csc(b*x+a)”"n,x)
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Fricas [F]
/csc"(a +bx)dx = /csc (bz +a)" dx

[In] integrate(csc(b*x+a) n,x, algorithm="fricas")

[Out] integral(csc(b*x + a)~n, x)
Sympy [F]
/ csc™(a + bx) dr = / csc” (a + bz) dz

[In] integrate(csc(b*x+a)**n,x)

[Out] Integral(csc(a + b*x)**n, x)
Maxima [F]
/csc”(a + br)dz = /csc (bz + a)" dx

[In] integrate(csc(b*x+a) n,x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~n, x)

Giac [F]

/csc”(a +bz)dx = /csc (bz + a)" dx

[In] integrate(csc(b*x+a) n,x, algorithm="giac")

[Out] integrate(csc(b*x + a)~n, x)



Mupad [F(-1)]

Timed out.
n 1 "
/CSC (a + b$) d.’L' = / (m) d.’L'

[In] int((1/sin(a + b*x)) n,x)
[Out] int((1/sin(a + b*x))"n, x)

187
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3.38 [(ccsc(a + bx))" dz

Optimal result . . . . . . . . . . 188
Rubi [A] (verified) . . . . . . . . 188
Mathematica [A] (verified) . . . . . . ... ... L o 189
Maple [F] . . . . 189
Fricas [F] . . . . . o 190
Sympy [F] . . o 190
Maxima [F] . . . . . . 190
Giac [F] . . . o o 1901
Mupad [F(-1)] . . . oo 191

Optimal result

Integrand size = 10, antiderivative size = 72

/(c csc(a + bz))" dx
_ ccos(a+ bx)(cesc(a + bx)) "'+ Hypergeometric2F1 (3, 15, 257, sin(a + bx))
B b(1 — n)+/cos?(a + bx)

[Out] c*cos(b*x+a)*(c*kcsc(b*x+a))” (-1+n)*hypergeom([1/2, 1/2-1/2%n],[3/2-1/2%n],s
in(b*x+a)~2)/b/(1-n)/(cos (b*x+a)~2)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, rﬁ%ﬂ%‘;gﬁé lgilzlgs = 0.200, Rules used = {3857,
2722}

/(c csc(a + bx))" dx
_ ccos(a + br)(cesc(a + bx))" ' Hypergeometric2F1 (3,152, 352, sin?(a + bz))
B b(1 — n)+/cos?(a + bx)

[In] Int[(c*Cscl[a + b*x]) n,x]

[Out] (cxCos[a + bxx]*(c*Csc[a + b*x])~(-1 + n)*Hypergeometric2F1[1/2, (1 - n)/2,
(83 - n)/2, Sin[a + b*x]~2])/(b*(1 - n)*Sqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
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F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, xl]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)>( - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

integral = (ccsc(a + bz))" (sm(a——l-bz))"/ (M) h dz

C C

_cos(a + bzx)(cesc(a + bx))" Hypergeometric2F1 (3, 157, 252, sin?(a + b)) sin(a + bx)
B b(1 — n)y/cos?(a + bzx)

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.90

/(c csc(a + bz))" dx =

cos(a + bz)(ccesc(a + br))” Hypergeometric2F1 (1, 112 3 cos?(a 4 bx)) sin(a + bz) sin?(a + bx)z 1+
- b

[In] Integrate[(c*Csc[a + b*x]) n,x]

[Out] -((Cos[a + b*x]*(c*Csc[a + bx*x]) “nxHypergeometric2F1[1/2, (1 + n)/2, 3/2, C
os[a + b*x]~2]*Sin[a + b*x]*(Sin[a + b*x]~2)~((-1 + n)/2))/b)

Maple [F]

/ (cese(zb+a))" dx

[In] int((c*csc(b*x+a)) n,x)

[Out] int((c*csc(b*x+a)) n,x)
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Fricas [F]
/(c csc(a + bx))"dzx = / (cese (bz + a))" dz

[In] integrate((c*csc(b*x+a)) n,x, algorithm="fricas")

[Out] integral((cxcsc(b*x + a))~n, x)
Sympy [F]
/(ccsc(a + bx))"dx = / (cesc(a+bx))" dx

[In] integrate((c*csc(b*x+a))**n,x)

[Out] Integral((cxcsc(a + b*x))**n, x)
Maxima [F]
/(c csc(a + bx))"dz = / (cesc (bx + a))" dz

[In] integrate((c*csc(b*x+a)) n,x, algorithm="maxima")

[Out] integrate((c*csc(b*x + a))~n, x)

Giac [F]

/(ccsc(a + bz))"dx = / (cese (bz + a))" dz

[In] integrate((c*csc(b*x+a)) n,x, algorithm="giac")

[Out] integrate((cxcsc(b*x + a))~n, x)
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Mupad [F(-1)]

Timed out.
n - C "
/(ccsc(a +bz))" dz = / (—Sin @ bm)) dz

[In] int((c/sin(a + b*x))"n,x)
[Out] int((c/sin(a + b*x))"n, x)
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3.39 [ csc?(z)"/? dx

Optimal result . . . . . . . . . . . 192
Rubi [A] (verified) . . . . . . . . . 1921
Mathematica [A] (verified) . . . . . . . . . ... 193]
Maple [C] (warning: unable to verify) . . . . . . . . ... ... L 194
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 194
Sympy [F(-1)] . . o o 194
Maxima [B] (verification not implemented) . . . . . . . ... ... .. L. 1951
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 196
Mupad [F(-1)] . . . o o 197

Optimal result

Integrand size = 8, antiderivative size = 50

/csc2(9c)7/2 dx =

1
—%arcsinh(cot(m)) - 1_56 cot(x)+/csc?(z) — % cot(z) csc?(x)3/? — 6 cot(x) csc?(x)°/?

[Out] -5/16*arcsinh(cot(x))-5/24*cot(x)*(csc(x)~2)~(3/2)-1/6*cot(x)*(csc(x)"2)~(5
/2)-5/16%cot (x)*(csc(x)~2)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 3, number of rules _ 0.375, Rules used = {4207,
integrand size

201, 221}
/CSC2(CE)7/2 dx =
—%arcsinh(cot(x)) - écot(x) csc? ()% — % cot(z) csc?(z)%/? — 1—2 cot(z)+/csc?(x)

[In] Int[(Csc[x]~2)~(7/2),x]

[Out] (-5*%ArcSinh[Cot[x]])/16 - (5*Cot[x]*Sqrt[Csc[x]1~2])/16 - (5xCot[x]*(Csc[x]~
2)7(3/2))/24 - (Cot[x]*(Csc[x]172)~(5/2))/6

Rule 201

Int[((a ) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x"n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQlp, O] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
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IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3+pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> 